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Chapter 1

Introduction

Let O(A) denote the set of all finitary nonnullary operations on a finite set
A. A subset C of O(A) is called a clone if C contains all projection maps and
is closed under superposition; that is, if f1, . . . , fn are k-ary maps in C and g is
an n-ary map in C for some positive integers k and n then g(f1, . . . , fn) ∈ C. It
is a well-known fact that the set of all clones over a finite set is an ordered set
with respect to inclusion; in fact, it is a complete lattice with the co-atom being
maximal clones. Up to now, all possibilities to describe all clones on a finite set
is only the set of cardinality 2 which is known as the lattice of all Boolean clones;
but the lattice of all clones over a finite set whose cardinality more than 2 is an
uncountably infinite; much of the lattice is unknown. Describing of some part
of these lattices is still well known open problems. There are only finitely many
maximal clones over a finite set and every proper subclone of the full clone is
contained in a maximal one. I.G. Rosenberg [7] has classified all maximal clones
over a finite set by finding six classes of relations such that maximal clones are just
the clones Pol(ρ) of operations preserving a relation ρ from one of these classes.
Rosenberg’s six classes of relations on a finite set A are the followings.
Class(1): The set of all bounded orders. These are reflexive, transitive and anti-
symmetric binary relations ρ ⊆ A × A with (0, x) ∈ ρ and (x, 1) ∈ ρ for all x ∈ A
and for some 0, 1 ∈ A.
Class(2): The set of all prime permutations. These are permutations on A which
all of whose cycles have the same prime length.
Class(3): The class of all prime affine relations. A 4-ary relation ρ ⊆ A4 is affine
if we can define an abelian group operation, +, on A so that (a, b, c, d) ∈ ρ if and
only if a + b = c + d. An affine relation ρ is prime if 〈A; +〉 is an abelian group of
prime power order. This class is empty unless |A| is a prime power.
Class(4): The class of all non-trivial equivalence relations. These are reflexive,
symmetric and transitive binary relations ρ ⊆ A×A which are neither the diagonal
relation �A := {(a, a) | a ∈ A} nor the universal relation ∇A := A × A.
Class(5): The class of all relations which are k-regularly generated for some
3 ≤ k ≤ |A|. For 3 ≤ k ≤ |A|, a set T = {Θ1, Θ2, . . . , Θm} (m ≥ 1) of equivalence
relations on A is k-regular if each Θi, (1 ≤ i ≤ m) has exactly k equivalence classes
and the intersection ∩m

i=1εi of arbitrary equivalence classes εi of Θi is nonempty. A
k-ary relation ρ = {(a1, . . . , ak)|ai ∈ A for all i = 1, . . . , k} is k-regularly generated
by T if for each i ∈ {1, . . . , m}, at least two of the elements a1, . . . , ak are
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2

equivalent modulo Θi.
Class(6): The class of all central relations. A k-ary relation ρ ⊆ Ak for some
k ≥ 1 is totally reflexive if {(a1, . . . , ak)|ai = aj for some i �= j} ⊆ ρ; and is totally
symmetric if for any permutation α on {1, . . . , k} we have (a1, . . . , ak) ∈ ρ if and
only if (aα(1), aα(2), . . . , aα(k)) ∈ ρ. The center Cρ of ρ is the set of all a ∈ A such
that (a, a2, . . . , ak) ∈ ρ for all a2, . . . , ak ∈ A. We say that ρ is central if it is
totally reflexive, totally symmetric and ∅ �= Cρ � A.

Let P = (P ;≤) be an ordered set. For a positive number n, an operation
f : P n −→ P is called an order-preserving if xi ≤ yi in P for all 1 ≤ i ≤ n
implies f(x1, . . . , xn) ≤ f(y1, . . . , yn). A ternary operation m : P 3 −→ P is called
a majority operation if for all x, y ∈ P ,

m(y, x, x) = m(x, y, x) = m(x, x, y) = x.

An ordered set is called a majority ordered set if there is a majority order-
preserving. An ordered set F = ({a0, a1, . . . , an} ;≤) is said to be a fence (from
a0 to an) if a2i < a2i+1 > a2i+2 or a2i > a2i+1 < a2i+2 for all 0 ≤ 2i ≤ n − 2
which has no other comparabilities. An ordered set P is said to be connected if
there is a fence from a to b as a subordered set for all a, b ∈ P . For each finite
connected ordered set P, the number r(P) := max

{|F b
a | − 1 | a, b ∈ P

}
is said to

be the reach of P where Fb
a denote a minimum size fence from a to b. The clone

Pol(≤) on P is the set of all finitary order-preserving with respect to ≤; and we
call Pol(≤) the monotone clone of P.

The monotone clone of a finite ordered set is maximal if and only if the
order is bounded. Davey et al. proved in [2] that if a finite ordered set P is
disconnected then the nontrivial equivalence relation Θ whose blocks are connected
components of P will give a maximal clone Pol(Θ) containing the monotone clone
of the ordered set P. C. Ratanaprasert [5] has shown that the monotone clone
of a finite unbounded connected ordered set is a subclone of a maximal clone
preserving only either k-regularly generated relations or central relations with
arity more than 1 and also proved that if the monotone clone of the ordered set
contains in a maximal clone preserving some k-regularly generated relations then
the monotone clone contains no majority functions. J. Demetrovics and L. Rónyai
[3] constructed an order preserving operation which is majority on a fence. Hence,
the monotone clone of a fence is a subclone of a maximal clone preserving only
central relations with arity more than 1. C. Ratanaprasert [6] constructed some
maximal clones preserving binary central relations containing the monotone clone
of a fence in the term of the distance function d : P × P → N ∪ {0} which is
defined by d(a, b) = r(Fb

a) for all a, b ∈ P . It is interesting whether there is a
maximal clone preserving a central relation with arity more than 2 whose clone
contains the monotone clone of a fence.

In chapter 2, we collect some important basic concepts which will be used
in the sequel.

In chapter 3, we show that all maximal clones of an unbounded fence are
the clones preserving central relations with arity only 2 and we also characterize
these binary relations in terms of the distance function. Since a fence is a major-
ity ordered set, one can ask whether the monotone clone of a finite unbounded

 
 
 
 

 
 
 
 

 
 



3

connected majority ordered set is a subclone of a maximal clone preserving only
a binary central relation.

A finite ordered set P is called a tree if the diagram of P is a tree graph. An
ordered set P is a tree-like if there is a tree TP such that P is obtained by replacing
each interval [q, q′] which q′ covers q in TP by a lattice Lqq′ with a least element
q and a greatest element q′ so that any two such lattices intersect in at most one
bound. Füredi Z. and Rosenberg I.G. [4] showed that the class of all tree-likes is
a large class of connected majority ordered sets that need not be lattices.

In chapter 4, we show that all maximal clones of a finite unbounded con-
nected majority ordered set are the clones preserving central relations with arity
only 2 and we also show all possibilities of these binary central relations in terms of
the distance function. Since tree-like is a majority ordered set, all maximal clones
containing the monotone clone of a tree-like preserve only binary central relation.
We also characterize these binary relations in terms of the distance function.

 
 
 
 

 
 
 
 

 
 



Chapter 2

Basic Concepts

In this chapter, we study related topics which will be referred in sequel.
All theorems are stated without proofs.

2.1 Ordered sets and Lattices

In this section, we introduce and present some basic properties of an ordered
set and a lattice.

Definition 2.1.1. Let P be a nonempty set. An order (or partial order) on P is a
binary relation ≤ on P satisfying the following three conditions for all x, y, z ∈ P ,

1. x ≤ x, (reflexivity)

2. x ≤ y and y ≤ x imply x = y, (anti-symmetry)

3. x ≤ y and y ≤ z imply x ≤ z. (transitivity)

A set P equipped with an order relation ≤ is said to be an ordered set
(or partially ordered set) and denoted by (P ;≤). Some authors use the shorthand
poset. Usually we shall be a little slovenly and say simply ‘P is an ordered set ’. An
ordered set (Q;≤′) is called a subordered set of (P ;≤) if Q ⊆ P and ≤′=≤�Q×Q.

An order relation ≤ on P gives rise to a relation < of strictly inequality :
x < y in P if and only if x ≤ y and x �= y. For each x, y ∈ P , we say that x is
comparable with y, and write x ‖ y, if x ≤ y or y ≤ x.

Definition 2.1.2. Let F = {a0, a1, . . . , an}. An ordered set F = (F ;≤) is said
to be a fence (from a0 to an) if a2i < a2i+1 > a2i+2 or a2i > a2i+1 < a2i+2 for all
0 ≤ 2i ≤ n− 2 which has no other comparabilities and the number n is called the
reach of F and denote by r(F). F is called an up fence if a2i < a2i+1 > a2i+2 for
all 0 ≤ 2i ≤ n − 2 (from a0 to an) and written by {a0 < a1 > a2 < . . . an}. F is
called a down fence if a2i > a2i+1 < a2i+2 for all 0 ≤ 2i ≤ n − 2 (from a0 to an)
and written by {a0 > a1 < a2 > . . . an}.
Definition 2.1.3. Let Cn = {c1, . . . , c2n}. An ordered set Cn = (Cn;≤) is said
to be a crown if c1 < c2 > c3 < . . . > c2n−1 < c2n > c1 which has no other
comparabilities.

4

 
 
 
 

 
 
 
 

 
 



5

Definition 2.1.4. An ordered set P is called connected if there is a fence from a
to b as a subordered set for all a, b ∈ P .

Definition 2.1.5. Let P be an ordered set and let x, y ∈ P . We say that x is
covered by y (or y cover x), and write x ≺ y or y � x, if x < y and z = x for all
z ∈ P with x ≤ z < y.

Observe that, if P is finite, x < y if and only if there exists a finite sequence
of covering relations x = x0 ≺ x1 ≺ . . . ≺ xn = y. Thus, in the finite case, the
order relation determines, and is determined by, the covering relation.

Definition 2.1.6. Let P be a finite ordered set. We can represent P by a con-
figuration of circles (representing the elements of P ) and interconnecting lines
(indicating the covering relation). The construction goes as follows.

1. To each point x ∈ P , associate a point P (x) of the euclidean plane R2,
depicted by a small circle with center at P (x).

2. For each covering pair x ≺ y in P , take a line segment �(x, y) joining the
circle at P (x) to the circle at P (y).

3. Carry out (i) and (ii) in such a way that

(a) if x ≺ y then P (x) is ‘lower’than P (y) (that is, in standard cartesian
coordinates, has a strictly smaller second coordinate);

(b) the circle at P (z) does not intersect the line segment �(x, y) if z �= x
and z �= y.

A configuration satisfying (1)-(3) is called a diagram (or Hasse diagram) of P.

Example 2.1.7. Let F = {a0 < a1 > a2 < a3} and G = {b0 > b1 < b2 < b3} be
up fence and down fence, respectively. Then the following picture shows diagrams
of F and G, respectively.
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Figure 1. Examples of fences

Definition 2.1.8. Let P be an ordered set, n be a positive integer and x1, . . . , xn+1

be distinct elements in P . A sequence (x1, . . . , xn+1) is called a path (from x1 to
xn+1) if xi ≺ xi+1 or xi � xi+1 for all i ∈ {1, . . . , n}.
Definition 2.1.9. Let P be a finite connected ordered set. We say that the
diagram of P is a tree graph if there exists unique a path from a to b for all a �= b
in P . If the diagram of P is a tree graph, P is called a tree.
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Definition 2.1.10. Let P and Q be ordered sets and ϕ : P −→ Q be a function.

1. ϕ is called an order-preserving (or monotone) if x ≤ y in P implies ϕ(x) ≤
ϕ(y) in Q.

2. ϕ is called an order-embedding if x ≤ y in P if and only if ϕ(x) ≤ ϕ(y) in
Q.

3. ϕ is called an order-isomorphism if it is an order-embedding mapping P onto
Q.

When ϕ : P −→ Q is an order-embedding we write ϕ : P ↪→ Q. When there
exists an order-isomorphism from P to Q, we say that P is isomorphic to Q and
write P ∼= Q

Remark 2.1.11. [1] Let P, Q and R be ordered sets.

1. Let ϕ : P −→ Q and ψ : Q −→ R be order-preservings. Then the composite
map ψ ◦ ϕ is an order-preserving. More general the composition of a finite
number of order-preservings is an order-preserving, if it is defined.

2. Let ϕ : P ↪→ Q and let ϕ(P ) = {ϕ(x) |x ∈ P}. Then ϕ(P) ∼= P.

3. An order-embedding is automatically one-to-one. An order-isomorphism is
bijective.

4. P is isomorphic to Q if and only if there exist order-preservings ϕ : P −→ Q
and ψ : Q −→ P such that ϕ◦ψ = idQ and ψ◦ϕ = idP (where idS : S −→ S
denotes the identity map on S given by idS(x) = x for all x ∈ S).

Proposition 2.1.12. [1] Let P and Q be finite ordered sets. P is isomorphic to
Q if and only if they can be drawn with identical diagram.

Definition 2.1.13. Let P1,P2, . . . ,Pn be ordered sets. The cartesian product
P1×P2× . . .×Pn can be made into an ordered set by imposing the coordinatewise
order defined by

(x1, x2, . . . , xn) ≤ (y1, y2, . . . , yn) ⇐⇒ xi ≤ yi in Pi for all i ∈ {1, 2, . . . , n}.
Given an ordered set P , the notation Pn is used as shorthand for the n-fold

product P n.

Definition 2.1.14. Let A be a set. An operation m : A3 −→ A is called majority
if

m(x, x, y) = m(x, y, x) = m(y, x, x) = x

for all x, y ∈ A.

Definition 2.1.15. Let P = (P ;≤) be an ordered set. We say that ≤ is a majority
order if there exists a majority operation which is an order-preserving. If ≤ is a
majority order, P is called a majority ordered set.
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It is a fundamental property of the set of all real numbers, R, that if I
is a closed and bounded interval in R, then every subset of I has both a least
upper bound(or supremum) and a greatest lower bound(or infimum) in I. These
concepts pertain to any ordered set.

Definition 2.1.16. Let P be an ordered set and Q ⊆ P .

1. a ∈ Q is called a maximal element of Q if a ≤ x ∈ Q implies a = x.

2. a ∈ Q is called a minimal element of Q if a ≥ x ∈ Q implies a = x.

3. a ∈ Q is called the maximum element of Q if a ≥ x for every x ∈ Q.

4. a ∈ Q is called the minimum element of Q if a ≤ x for every x ∈ Q.

5. P is said to be bounded if P has maximum and minimum elements and P is
said to unbounded if P is not bounded.

Example 2.1.17. Let X be an any set. The powerset P(X), consisting of all
subsets of X, is ordered by the set inclusion: for A, B ∈ P(X), we define A ≤ B
if and only if A ⊆ B. Moreover, X is a maximum element of P(X) and ∅ is a
minimum element of P(X).

Definition 2.1.18. Let P be an ordered set and let S ⊆ P . An element x ∈ P is
an upper bound of S if s ≤ x for all s ∈ S. A lower bound is defined dually. The
set of all upper bounds of S is denoted by Su(read as ‘S upper’) and the set of all
lower bounds of S is denoted by Sl(read as ‘S lower’):

Su = {x ∈ P |(∀s ∈ S) s ≤ x} and Sl = {x ∈ P |(∀s ∈ S) s ≥ x}.

If Su has the least element x then x is called the least upper bound of S
and is denoted by supS. Equivalently, x is the least upper bound of S if

1. x is an upper bound of S and

2. x ≤ y for all upper bound y of S.

Dually, if Sl has the largest element, x, then x is called the greatest lower bound
of S or the infimum of S and is denoted by infS.
Notation: We write ∨S instead of supS whenever supS exists and x ∨ y (read as
‘x joint y’) in place of sup{x, y} when it exists. Similarly we write ∧S instead of
infS whenever infS exists and x ∧ y (read as ‘x meet y’) in place of inf{x, y}
when it exists.

Definition 2.1.19. Let P be a non-empty ordered set.

1. If x ∨ y and x ∧ y exist for all x, y ∈ P , then P is called a lattice.

2. If ∨S and ∧S exist for all S ⊆ P , then P is called a complete lattice.

Definition 2.1.20. Let L be a lattice with the greatest element 1 and let c ∈ L.
We say that c is a co-atom of L if no elements x ∈ L such that c < x < 1.
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2.2 Maximal clones

In this section, we will give some important concepts in clone theory which
will be referred in the sequel.

Definition 2.2.1. Let A be a set and n be a positive integer. An n-ary operation
on A is a mapping f from An into A and the integer n is called the arity of
f . If n = 1, 2 or 3 then f is called a unary, binary or ternary operation on A,
respectively. Moreover, f is called a permutation on A if f is a bijective unary
operation.

For each positive integer n, let On(A) denote the set of all n-ary operations
on a set A and O(A) := ∪∞

n=1O
n(A) denote the set of all operations on A. Since

a function en
j : An −→ A which is defined by

en
j (x1, . . . , xn) = xj

belongs to On(A), we have that On(A) �= ∅ for all positive integer n. The function
en

j is called the projection map on A and let JA denote the set of all projection
maps on A.

Definition 2.2.2. Let A be a set. A subset C of O(A) is called a clone over
A if C contains all projection maps and is closed under superposition; that is, if
f1, f2, , , fn are k-ary maps in C and g is an n-ary map in C for some positive
integers k and n then the operation g(f1, . . . , fn) which is defined by

g(f1, . . . , fn)(x1, . . . , xk) = g(f1(x1, . . . , xk), . . . , fn(x1, . . . , xk))

belongs to C.

Note that O(A) is the greatest clone and is called the full clone over A.

Definition 2.2.3. Let A be a set. A clone C is called a subclone of a clone D if
C ⊆ D. If there is no clones E with C ⊂ E ⊂ D, C is called a maximal subclone
of D. A maximal subclone of O(A) is called a maximal clone.

Definition 2.2.4. Let A be a set and h be a positive integer. A subset of Ah is
called an h-ary relation on A.

Definition 2.2.5. Let A be a set, f be an n-ary operation and ρ be an h-ary
relation on A. We say that f preserves ρ or ρ is invariant under f if

(f(x11, . . . , xn1), . . . , f(x1h, . . . , xnh)) ∈ ρ

whenever (x11, . . . , x1h), . . . , (xn1, . . . , xnh) ∈ ρ.

Note that the set Pol(ρ) of all operations preserving a relation ρ is a clone
and Pol(ρ) is said to preserve ρ. If P = (P ;≤) is an ordered set, Pol(≤) is called
the monotone clone of P.

There are only finitely many maximal clones over a finite set and every
proper subclone of the full clone is contained in a maximal one. I.G. Rosenberg
[7] has classified all maximal clones over a finite set A by finding six classes of
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relations such that maximal clones are just the clones Pol(ρ) such that ρ is a
relation in one of the following classes.
Class(1): The set of all bounded orders. These are reflexive, transitive and anti-
symmetric binary relations ρ ⊆ A × A with (0, x) ∈ ρ and (x, 1) ∈ ρ for all x ∈ A
and for some 0, 1 ∈ A.
Class(2): The set of all prime permutations. These are permutations on A which
all of whose cycles have the same prime length.
Class(3): The class of all prime affine relations. A 4-ary relation ρ ⊆ A4 is affine
if we can define an abelian group operation, +, on A so that (a, b, c, d) ∈ ρ if and
only if a + b = c + d. An affine relation ρ is prime if 〈A; +〉 is an abelian group of
prime power order. This class is empty unless |A| is a prime power.
Class(4): The class of all non-trivial equivalence relations. These are reflexive,
symmetric and transitive binary relations ρ ⊆ A×A which are neither the diagonal
relation �A := {(a, a) | a ∈ A} nor the universal relation ∇A := A × A.
Class(5): The class of all relations which are k-regularly generated for some
3 ≤ k ≤ |A|. For 3 ≤ k ≤ |A|, a set T = {Θ1, Θ2, . . . , Θm} (m ≥ 1) of equivalence
relations on A is k-regular if each Θi, (1 ≤ i ≤ m) has exactly k equivalence classes
and the intersection ∩m

i=1εi of arbitrary equivalence classes εi of Θi is nonempty. A
k-ary relation ρ = {(a1, . . . , ak)|ai ∈ A for all i = 1, . . . , k} is k-regularly generated
by T if for each i ∈ {1, . . . , m}, at least two of the elements a1, . . . , ak are equivalent
modulo Θi.
Class(6): The class of all central relations. A k-ary relation ρ ⊆ Ak for some
k ≥ 1 is totally reflexive if {(a1, . . . , ak)|ai = aj for some i �= j} ⊆ ρ; and is totally
symmetric if for any permutation α on {1, . . . , k} we have (a1, . . . , ak) ∈ ρ if and
only if (aα(1), aα(2), . . . , aα(k)) ∈ ρ. The center Cρ of ρ is the set of all a ∈ A such
that (a, a2, . . . , ak) ∈ ρ for all a2, . . . , ak ∈ A. We say that ρ is central if it is
totally reflexive, totally symmetric and ∅ �= Cρ � A.

 
 
 
 

 
 
 
 

 
 



Chapter 3

All Maximal Clones of a Fence

Let n ≥ 2 be an integer. An ordered set F = ({a0, a1, . . . , an} ;≤) is said
to be a f ence if a2i < a2i+1 > a2i+2 or a2i > a2i+1 < a2i+2 for all 0 ≤ 2i ≤ n − 2
which has no other comparabilities. J. Demetrovics and L. Rónyai [3] constructed
a majority order-preserving operation on F which implies that F is a majority
ordered set. C. Ratanaprasert [5] showed that the monotone clone of a finite
unbounded majority ordered set is a subclone of a maximal clone preserving only
a central relation with arity more than 1. Hence, so is the monotone clone of a
fence F.

In this chapter, we characterize all central relations on F which is equiv-
alent to characterize all maximal clones containing the monotone of F. To avoid
confusion, let ≤∗ denote the usual order of integers.

3.1 All Ordered Sets satisfy the Preservation Dis-

tance Property

C. Ratanaprasert [6] constructed some binary central relations ρ whose
Pol(ρ) contains the monotone clone of a fence F in the term of the distance
function d̃ : F × F −→ N ∪ {0} which is defined by

d̃(ai, aj) = |i − j|

for all i, j ∈ {0, . . . , n}. By the triangle inequality property of the absolute value
on the set of all real numbers, the distance function d̃ satisfies this property; that
is,

d̃(x, z) ≤∗ d̃(x, y) + d̃(y, z)

for all x, y, z ∈ F .
An ordered set P is said to be connected if there is a fence from a to b as

a subordered set for all a, b ∈ P . For each a, b ∈ P , let Fb
a denote a minimum size

fence from a to b. It is known that the number r(P) =: max
{|F b

a | − 1 | a, b ∈ P
}

is the reach of P. The distance function d : P × P −→ N ∪ {0} is defined by
d(a, b) = r(Fb

a) for all a, b ∈ P . If an ordered set P is the fence F then it is clearly
that d = d̃. As d̃ satisfies the triangle inequality, we will also prove that d satisfies
the triangle inequality.
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Theorem 3.1.1. Let P be a connected ordered set. Then

d(a, b) ≤∗ d(a, c) + d(c, b)

for all a, b, c ∈ P .

Proof. We will prove by induction on the distance between a and c. If a = c ∈ P
then d(a, c) = 0 and d(a, b) = d(a, c) + d(c, b) for all b ∈ P . Now, let k ∈ N ∪ {0}
and we suppose that the inequality holds for all a, b, c ∈ P with d(a, c) = k. Let
a, b, c ∈ P with d(a, c) = k + 1. and Fc

a = ({a0, . . . , ak+1};≤). Then d(a, ak) = k
and d(a, c) = d(a, ak) + 1. By the induction hypothesis, we have that d(a, b) ≤∗

d(a, ak) + d(ak, b). Since ak is comparable with c, d(ak, b) ≤∗ d(c, b) + 1. Hence,
d(a, b) ≤∗ d(a, ak) + d(ak, b) ≤∗ d(a, c) − 1 + d(c, b) + 1 = d(a, c) + d(c, b).

Corollary 3.1.2. Let P be a connected ordered set and x be comparable with y in
P and a ∈ P . Then

1. | d(a, x) − d(a, y)| ≤∗ 1.

2. if F is a fence from a to x, there is a subfence set F̂ from a to y of F ∪ {y}
such that r(F̂) ≤∗ r(F) + 1.

Definition 3.1.3. A connected ordered set P is said to satisfy the preservation
distance property (PDP) if

d(f(a1, ..., an), f(b1, ..., bn)) ≤∗ max{d(a1, b1), ..., d(an, bn)}
for all a1, ..., an, b1, ..., bn ∈ P and order-preserving f : P n → P .

In [6], C. Ratanaprasert has shown that all fences satisfy PDP. We will
now characterize all finite connected ordered sets satisfying PDP by a graph of a
specific subordered set. Moreover, the characterization can be shown in term of
notations which are defined as follows.

Let P be a finite connected ordered set and a, b ∈ P . We call Fb
a a mini-

mum size up fence if Fb
a is an up fence and denote by 0Fb

a; and dually, we call Fb
a

a minimum size down fence if Fb
a is a down fence and denote by 1Fb

a. For each
k ∈ {0, . . . , r(P)} and i ∈ {0, 1}, we define

Γk = {(a, b) ∈ P × P | d(a, b) = k} ,
0Γk =

{
(a, b) ∈ Γk | 0Fb

a exists
}

,
1Γk =

{
(a, b) ∈ Γk | 1Fb

a exists
}

,
Θk = {(a, b) ∈ P × P | d(a, b) ≤∗ k} .

Note that 0Γk ∪ 1Γk = Γk and Θk−1 ∪ Γk = Θk for all k ∈ {1, . . . , r(P)}.
Example 3.1.4. Let F = {a0 < a1 > a2 < a3} be a fence. Then

Θ1 = {(a0, a0), (a0, a1), (a1, a0), (a1, a1), (a1, a2), (a2, a2), (a2, a3), (a3, a2), (a3, a3)},
Γ2 = {(a0, a2), (a2, a0), (a1, a3), (a3, a1)},

0Γ2 = {(a0, a2), (a2, a0)}
and

1Γ2 = {(a1, a3), (a3, a1)}. �
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For convenient, if P is an ordered set and ρ is a relation on P then we say
that ρ is compatible with P or ρ is a compatible relation with P whenever Pol(ρ)
contains the monotone clone of P.

Definition 3.1.5. A diamond lattice D is a set D = {0, 1, a, b} together with the
order 0 < a, b < 1 which has no other comparabilities.
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1

a b

Figure 2. Diamond lattice

Theorem 3.1.6. Let P be a connected ordered set. Then the followings are equiv-
alent:

1. P satisfies PDP.

2. Θk is compatible with P for all k ∈ {0, . . . , r(P)}.
3. P has no subordered sets which are isomorphic to a diamond lattice.

4. 0Γ2 ∩ 1Γ2 = ∅.
Proof. (1) ⇒ (2). Let k ∈ {0, . . . , r(P)}, f be an n-ary order-preserving on P and
(xi, yi) ∈ Θk for all i ∈ {0, . . . , n}. Since P satisfies PDP,

d(f(x1, . . . , xn), f(y1, . . . , yn)) ≤∗ max{d(x1, y1), . . . , d(xn, yn))} ≤∗ k.

Hence, (f(x1, . . . , xn), f(y1, . . . , yn)) ∈ Θk. Therefore, Θk is compatible with P.

(2) ⇒ (3). Suppose that P has a diamond lattice D = ({0, a, b, 1};≤) as a
subordered set. We will show that Pol(Θ1) does not contain the monotone clone
of P. We define a function f : P 2 −→ P by

f(x, y) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if y � 1 and x ≤ 0,

a if y ≥ 1 and x ≤ 0,

b if either y � 1, x � 0 and x ≤ b or x � b and y � 1,

1 if either y ≥ 1, x � 0 and x ≤ b or x � b and y ≥ 1.

To prove that f is an order-preserving, let x, y, s, t with x ≤ s and y ≤ t.

Case 1 : x ≤ 0.

Case 1.1 : y � 1. Then f(x, y) = 0 ≤ f(s, t) ∈ {0, a, b, 1}.
Case 1.2 : y ≥ 1. Then t ≥ 1. Hence, f(x, y) = a ≤ 1 = f(s, t).

Case 2 : x � 0 and x ≤ b. Then s � 0.
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Case 2.1 : t � 1. Then y � 1. Hence, f(x, y) = b = f(s, t),

Case 2.2 : t ≥ 1. Then f(s, t) = 1 ≥ f(x, y) ∈ {0, a, b, 1}.
Case 3 : x � 0 and x � b. Then s � b

Case 3.1 : t � 1. Then y � 1. Hence, f(x, y) = b = f(s, t),

Case 3.2 : t ≥ 1. Then f(s, t) = 1 ≥ f(x, y) ∈ {0, a, b, 1}.
In any cases, f is an order-preserving. One can see that d(f(b, b), f(0, 1)) =
d(b, a) = 2; but d(b, 0) = d(b, 1) = 1. Hence f /∈ Pol(Θ1).

(3) ⇒ (4). It is trivial.

(4) ⇒ (1). Assume that 0Γ2 ∩ 1Γ2 = ∅. Let f be an n-ary order-preserving on F
and x1, . . . , xn, y1, . . . , yn ∈ P such that d(xi, yi) = mi for all 0 ≤∗ i ≤∗ n and let
m = max{m1, . . . , mn}.
Case 1 : m = 1. We may assume that there is a positive integer r such that
xi ≤ yi for all 1 ≤∗ i ≤∗ r and xi ≥ yi for r + 1 ≤∗ i ≤∗ n. Then

f(x1, . . . , xr, yr+1, . . . , yn) ≤ f(x1, . . . , xn) ≤ f(y1, . . . , yr, xr+1, . . . , xn)

and

f(x1, . . . , xr, yr+1, . . . , yn) ≤ f(y1, . . . , yn) ≤ f(y1, . . . , yr, xr+1, . . . , xn).

By the assumption that 0Γ2∩1Γ2 = ∅, the four elements f(x1, . . . , xr, yr+1, . . . , yn),
f(x1, . . . , xn), f(y1, . . . , yr, xr+1, . . . , xn) and f(y1, . . . , yn) are comparable. There-
fore, d(f(x1, . . . , xn), f(y1, . . . , yn)) ≤∗ 1.

Case 2 : m >∗ 1. Let Fi = ({a0
i , a

1
i , . . . , a

mi
i };≤) is a fence from xi to yi for all 1 ≤∗

i ≤∗ n. By Case 1 and d(aj
i , a

j+1
i ) ≤∗ 1 for all 1 ≤∗ i ≤∗ n and 0 ≤∗ j ≤∗ mi−1, we

have d(f(aj
1, . . . , a

j
n), f(aj+1

1 , . . . , aj+1
n )) ≤∗ 1 for all 0 ≤∗ j ≤∗ m−1 where ak

i = ami
i

for all k ≥∗ mi. By triangle inequality, d(f(a1
1, . . . , a

1
n), f(am

1 , . . . , am
n )) ≤∗ m.

Corollary 3.1.7. Let P be a finite connected ordered set. The relation Θ1 is
compatible with P if and only if P has no subordered sets which are isomorphic to
a diamond lattice.

3.2 All Maximal Clones of a Fence

By the preservation distance property of a fence F, the relations Θk is com-
patible with F for all k ∈ {0, . . . , r(F)}. For a suitable positive number k, one
can see some central relations from these binary relations; for instance, Θr(F)−1 is
a central relation whose the maximal clone Pol(Θr(F)−1) contains the monotone
clone of F. Arising now is whether there is a maximal clone preserving a central
relation with arity greater than 2 whose clone contains the monotone clone of a
fence. We are going to show that the answer is not affirmative; that is, if ρ is a
central relation whose Pol(ρ) contains the monotone clone of a fence then it is

 
 
 
 

 
 
 
 

 
 



14

binary. For convenient, if F = (F = {a0, . . . , an};≤) is a fence, we denote

ai] = {aj | j ∈ {0, . . . , i}}
and

[ai = {aj | j ∈ {i, . . . , n}}
for all i ∈ {0, . . . , n}.
Lemma 3.2.1. Let F be a fence. Then the following two binary operations ϕ+ :
F × F → F and ϕ− : F × F → F which are defined respectively by

ϕ−(x, y) =

{
x if x ∈ y],

y if x ∈ [y

and

ϕ+(x, y) =

{
x if x ∈ [y,

y if x ∈ y],

are order-preservings.

Proof. By dually, we will show only that ϕ+ is an order-preserving. Let a, b, c, d ∈
F = {a0, . . . , an} with a < b and c < d. Then there exist i, j ∈ {0, . . . , n − 1}
such that {a, b} = {ai, ai+1} and {c, d} = {aj, aj+1}. With out loss of generality,
we may assume that i ≤∗ j. If i <∗ j then i + 1 ≤∗ j; and so

ϕ+(a, c) = c < d = ϕ+(b, d).

Note that a and c are minimal and b and d are maximal. Hence, if i = j then
{a, b} = {c, d}; and so, a = c and b = d imply that

ϕ+(a, c) = c < d = ϕ+(b, d).

Hence, ϕ+ is an order-preserving.

Theorem 3.2.2. Let ρ be a central compatible relation with a fence F. Then

1. ρ is binary, and

2. the center Cρ is convex; that is, for each x, y ∈ Cρ with x ∈ y] and for all
z ∈ F , if z ∈ [x ∩ y] then z ∈ Cρ.

Proof. (1) Suppose that ρ is an n-ary relation for some positive number n with
n ≥ 3. Let a ∈ Cρ and let (x1, . . . , xn) ∈ F n. Since n ≥ 3, at least two elements
in the set {x1, . . . , xn} belong to either [a or a]. We assume that x1, x2 ∈ [a or
x1, x2 ∈ a]. Since a ∈ Cρ, we obtain (x1, a, x3, . . . , xn), (a, x2, . . . , xn) ∈ ρ. If
x1, x2 ∈ [a then Lemma 3.2.1 implies that ϕ+ ∈ Pol(ρ) and

(x1, . . . , xn) = (ϕ+(x1, a), ϕ+(a, x2), ϕ
+(x3.x3) . . . , ϕ+(xn, xn)) ∈ ρ.

Similarly, if x1, x2 ∈ a] then Lemma 3.2.1 implies that ϕ− ∈ Pol(ρ) and

(x1, . . . , xn) = (ϕ−(x1, a), ϕ−(a, x2), ϕ
−(x3.x3) . . . , ϕ−(xn, xn)) ∈ ρ.
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In either cases, F n = ρ, a contradiction.

(2) Let x, y ∈ Cρ with x ∈ y] and z ∈ [x ∩ y]. Since ρ is binary and symmetric, it
is enough to show that (a, z) ∈ ρ for all a ∈ F . Let a ∈ F . Then a ∈ [z or a ∈ z].
Since x, y ∈ Cρ, we have (a, x), (x, z), (a, y), (y, z) ∈ ρ. If a ∈ [z ⊆ [x then Lemma
3.2.1 implies that ϕ+ ∈ Pol(ρ) and

(a, z) = (ϕ+(x, a), ϕ+(z, x)) ∈ ρ.

Similarly, if a ∈ z] ⊆ y] then Lemma 3.2.1 implies that ϕ− ∈ Pol(ρ) and

(a, z) = (ϕ−(y, a), ϕ−(z, y)) ∈ ρ.

In any cases, (a, z) ∈ ρ. Thus z ∈ Cρ.

Theorem 3.2.2 shows that all maximal clones containing the monotone
clone of a fence are the clones preserving only binary central compatible relations
with the fence. Finding all binary compatible relations with a fence is a very first
process of finding all maximal clones containing the monotone clone of the fence.
We will start finding all binary compatible relations with a fence via the following
lemmata.

Lemma 3.2.3. Let F = (F = {a0, . . . , an};≤) be a fence and 0 ≤ k ≤ n. Then
the following two unary operations η+

k : F −→ F and η−
k : F −→ F whcih are

defined respectively by

η+
k (ar) =

{
ak if r ≥∗ k,

ar if r <∗ k

and

η−
k (ar) =

{
ak if r ≤∗ k,

ar if r >∗ k

are order-preservings.

Proof. By dually, we will show that η+
k is an order-preserving. Let a < b. Then

there exists i ∈ {0, . . . , n−1} with {a, b} = {ai, ai+1}. If i <∗ k then i+1 ≤∗ k; and
so η+

k (a) = a < b = η+
k (b). If i ≥∗ k then i + 1 ≥∗ k; and so η+

k (a) = ak = η+
k (b).

Hence η+
k is an order-preserving.

Demetrovics J. and Rónyai L. [3] showed that if F is a subfence of a fence
G then F is a retract of G; that is, there exists an order-preserving g from G
onto F such that g(g(x)) = g(x) for all x ∈ G. Now, we will state and prove the
results.

Corollary 3.2.4. [3] Let F = ({a0, a1, . . . , am};≤) and G = ({b0, b1, . . . , bn};≤)
be fences.

1. If m ≤∗ n and both F and G are up fences or down fences then there exists
an order-preserving g from G onto F with g(b0) = a0 and g(bn) = am.

2. If m <∗ n then there exists an order-preserving g from G onto F with
g(b0) = a0 and g(bn) = am.
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3. If F is a subfence of G then there exists an order-preserving g from G onto
F with g �F = idF .

Proof. (1) Suppose that m ≤∗ n and both F and G are up fences or down fences.
By Lemma 3.2.3, η+

m is an order-preserving from G onto subordered set G1 =
({b0, b1, . . . , bm},≤) of G such that η+

m(b0) = b0 and η+
m(bn) = bm. Moreover, both

F and G1 are up fences or down fences; so the operation f : G1 −→ F which is
defined by f(bi) = ai for all 0 ≤ i ≤ m is an order-preserving. Hence, f ◦ η+

m is an
order-preserving from G onto F with (f ◦ η+

m) (b0) = a0 and (f ◦ η+
m) (bn) = am.

(2) Suppose that m <∗ n and either F or G is an up fence, but not both. Then
Lemma 3.2.3 implies that η−

1 is an order-preserving from G onto subordered set
G2 = ({b1, b2, . . . , bn},≤) of G such that η−

1 (b0) = b1 and η−
1 (bn) = bn. One can

see that both F and G2 are up fences or down fences. By (1), there exists an order-
preserving g from G2 onto F with g(b1) = a0 and g(bn) = am. Hence g ◦ η−

1 is an
order-preserving from G onto F with

(
g ◦ η−

1

)
(b0) = a0 and

(
g ◦ η−

1

)
(bn) = am.

(3) We may assume that F = ({bi, bi+1, . . . , bi+j};≤) for some i, j ∈ {0, . . . , n}
with i + j ≤ n. Then η−

i ◦ η+
i+m is an order-preserving from G onto F with

η−
i ◦ η+

i+m �F = idF

Lemma 3.2.5. Let ρ be a binary compatible relation with a fence F.

1. iΓk∩ρ �= ∅ if and only if ∅ �= iΓk ⊆ ρ for all i ∈ {0, 1} and k ∈ {0, . . . , r(F)}.
2. For each k ∈ {1, . . . , r(F)}, if Γk ∩ ρ �= ∅ then Θk−1 ⊆ ρ.

Proof. (1) Suppose that (x, y) ∈ iΓk ∩ ρ and (a, b) ∈ iΓk. Let Fy
x and Fb

a be
subfences from x to y and a to b of F, respectively. By Corollary 3.2.4 (3), there
is an order-preserving g : F −→ Fy

x with g �F y
x
= idF y

x
. Since both Fy

x and Fb
a are

up fences or down fences with r(Fy
x) = r(Fb

a) and by Corollary 3.2.4 (1), there is
an order-preserving h : Fy

x −→ Fb
a such that h(x) = a and h(y) = b. Hence, h ◦ g

is an order-preserving with (h ◦ g)(x) = a and (h ◦ g)(y) = b. Since h ◦ g ∈ Pol(ρ)
and (x, y) ∈ ρ, we have (a, b) ∈ ρ. The converse is trivial.

(2) Let (x, y) ∈ Γk ∩ ρ and (a, b) ∈ Θk−1. Let Fy
x and Fb

a be subfences from x to y
and a to b of F, respectively. By Corollary 3.2.4 (3), there is an order-preserving
g : F −→ Fy

x with g �F y
x
= idF y

x
. Since r(Fb

a) <∗ r(Fy
x) and by Corollary 3.2.4

(2), there is an order-preserving h : Fy
x −→ Fb

a such that h(x) = a and h(y) = b.
Hence, h ◦ g is an order-preserving with (h ◦ g)(x) = a and (h ◦ g)(y) = b. Since
h ◦ g ∈ Pol(ρ) and (x, y) ∈ ρ, (a, b) ∈ ρ.

The following theorem gives a characterization of all binary compatible
relations with a fence F in terms of Θk and iΓk for some 0 ≤ k ≤ n and i ∈ {0, 1}.
Theorem 3.2.6. A non empty binary relation ρ is compatible with a fence F if
and only if ρ is one of the following relations:

Θj , Θk−1 ∪ 0Γk or Θk−1 ∪ 1Γk

for some j ∈ {0, . . . , r(F)} and k ∈ {1, . . . , r(F)}.
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Proof. (=⇒) Let ρ be a non empty binary compatible relation with F. It is clear
that all constant functions are order-preservings. Thus, ρ is refexive; that is,
Θ0 ⊆ ρ. Let (x, y) ∈ ρ such that d(x, y) ≥∗ d(a, b) for all (a, b) ∈ ρ. We let
k = d(x, y). Then ρ ⊆ Θk and (0Γk ∪ 1Γk)∩ρ = Γk ∩ρ �= ∅. Therefore, iΓk ∩ρ �= ∅
for some i ∈ {0, 1}. If k = 0 then ρ = Θ0. We consider the case that k is positive.
Hence, Lemma 3.2.5 implies that iΓk ⊆ ρ and Θk−1 ⊆ ρ. Let j ∈ {0, 1} with j �= i.
If jΓk ∩ ρ = ∅ then ρ ⊆ Θk−1 ∪ iΓk ⊆ ρ. Hence, ρ = Θk−1 ∪ iΓk. If jΓk ∩ ρ �= ∅,
Lemma 3.2.5 implies that jΓk ⊆ ρ; and so, Θk = Θk−1 ∪ iΓk ∪ jΓk ⊆ ρ ⊆ Θk.
Therefore, ρ = Θk.

(⇐=) By Theorem 3.1.6 and dually, it suffices to show that Pol(Θk−1 ∪ 0Γk)
contains the monotone clone of the fence. Let f be an n-ary order-preserving
defined on F and (xi, yi) ∈ Θk−1 ∪ 0Γk for all i ∈ {1, . . . , n}. Let d(xi, yi) = mi

and Fi = ({a0
i , a

1
i , . . . , a

mi
i };≤) be a fence from xi to yi for all i ∈ {1, . . . , n}. Then

mi ≤∗ k for all i ∈ {1, . . . , n}. We may assume that there is an r ∈ {1, . . . , n}
such that a0

i ≤ a1
i for all i ∈ {1, . . . , r} and a0

i ≥ a1
i for all i ∈ {r + 1, . . . , n}.

Since f is an order-preserving,

f(x1, . . . , xn) = f(a0
1, . . . , a

0
n)

≤ f(a1
1, . . . , a

1
r, a

0
r+1, . . . , a

0
n)

≥ f(a2
1, . . . , a

2
r, a

1
r+1, . . . , a

1
n)

≤ f(a3
1, . . . , a

3
r, a

2
r+1, . . . , a

2
n)

...
f(ak

1, . . . , a
k
r , a

k−1
r+1 , . . . , a

k−1
n )

= f(y1, . . . , yn).

where al
i = yi for all l ≥∗ mi. Hence, either there is an up fence from f(x1, . . . , xn)

to f(y1, . . . , yn) with the reach k or d(f(x1, . . . , xn), f(y1, . . . , yn)) <∗ k. So,
(f(x1, . . . , xn), f(y1, . . . , yn)) ∈ Θk−1 ∪ 0Γk. Therefore, Pol(Θk−1 ∪ 0Γk) contains
the monotone clone of F.

The lattice of all binary compatible relations with a fence is illustrated in
Figure 3.
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Figure 3. The lattice of all binary compatible relations with a fence F

Recall that a binary relation ρ is central on a set A if ρ is reflexive, sym-
metric and the center of ρ is neither empty nor A. Even though all relations in
Theorem 3.2.6 are binary compatible with a fence, but some of these relations
are not central; for instances, Θ0 and Θ0 ∪ 0Γ1 are not central since CΘ0 = ∅ and
Θ0 ∪ 0Γ1 is not symmetric. Since all relations in Theorem 3.2.6 contain Θ0, those
are reflexive. So, it is interesting to find all relations in Theorem 3.2.6 which are
symmetric and the center is neither empty nor F . Next, we will give a charac-
terization of all binary central compatible relations with a fence via the following
lemmata.

Lemma 3.2.7. Let F be a fence.

1. The relation Θj is symmetric for all j ∈ {0, . . . , r(F)}.
2. For i ∈ {0, 1} and k ∈ {1, . . . , r(F)}, the relation Θk−1 ∪ iΓk is symmetric if

and only if k is an even number.

Proof. By dually, we may assume that F =
{
a0 < a1 > a2 . . . < (>)ar(F)

}
is an

up fence.

(1) It is clear that Θj is symmetric for all 0 ≤∗ j ≤∗ r(F) since d(a, b) = d(b, a)
for all a, b ∈ F .

(2) If Θk−1 ∪ iΓk is symmetric for some 0 <∗ k ≤∗ r(F) then (a2j+i, a2j+i±k) and
(a2j+i±k, a2j+i) are in iΓk; and so 2j + i ± k = 2m + i, that is, k = ±2(j −
m). Conversely, suppose that k = 2l for some 0 <∗ 2l ≤∗ r(F). Since Θ2l−1 is
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symmetric, it suffices to show that iΓ2l is symmetric. Since (a2j+i, a2j+i±2l) and
(a2(j±l)+i, a2j+i) are in iΓ2l, we have that iΓ2l is symmetric.

Recall that a is in the center Cρ of a binary relation ρ on a set A if
(a, b), (b, a) ∈ ρ for all b ∈ A and the ceiling function � � maps a real number x to
the smallest integer which is greater than x. For a fence {a0 < a1 > a2 < a3 > a4},
one can see that the center of the relation Θ1 ∪ 0Γ2 is not empty. But, for a fence
{b0 > b1 < b2 > b3 < b4}, the center of the relation Θ1 ∪ 0Γ2 is empty. Hence,
for a fence F and i ∈ {0, 1}, the center of the relation Θ� r(F)

2 �−1
∪ iΓ� r(F)

2 � is not

necessary empty. The following lemma gives necessary conditions for a positive
number k such that the center of the relation Θk−1 ∪ iΓk is empty or not for all
i ∈ {0, 1}.
Lemma 3.2.8. Let F be a fence.

1. The center of the relation Θk is not empty if and only if k ≥∗
⌈

r(F)
2

⌉
.

2. For i ∈ {0, 1}, the center of the relation Θk−1 ∪ iΓk is not empty if k >∗⌈
r(F)

2

⌉
, and the center of the relation Θk−1 ∪ iΓk is empty if k <∗

⌈
r(F)

2

⌉
.

Proof. Let F =
({a0, a1, . . . , ar(F)},≤

)
be a fence.

(1) If k <∗ r(F)/2 and ai ∈ CΘk
then d(a0, ai), d(ai, ar(F)) ≤∗ k <∗ r(F)/2; and so

r(F) = d(a0, ar(F)) ≤∗ d(a0, ai) + d(ai, ar(F)) <∗ r(F),

a contradiction. Conversely, suppose that k ≥∗ r(F)/2. For each 0 ≤ m ≤ r(F),
we see that

−k ≤∗ m − k ≤∗ r(F) − k ≤∗ r(F)

2
≤∗ k.

So, d(am, ak) = d(ak, am) = |k − m| ≤∗ k for all 0 ≤∗ m ≤∗ r(F).

(2) It is easy to see that if ρ1 and ρ2 are relations on F with ρ1 ⊆ ρ2 then
Cρ1 ⊆ Cρ2 . If k − 1 ≥∗ r(F)/2 then (1) and Θk−1 ⊆ Θk−1 ∪ iΓk imply that the
center of Θk−1 ∪ iΓk is not empty. If k <∗ r(F)/2 then (1) and Θk−1 ∪ iΓk ⊆ Θk

imply that the center of Θk−1 ∪ iΓk is empty.

Let F be a fence. It is clear that the center of the relation Θr(F) is F ; so,
Θr(F) is not central. If r(F) is an odd number then Lemma 3.2.7 (2) implies that
Θr(F)−1 ∪ iΓr(F) is not symmetric for all i ∈ {0, 1}. Suppose that that r(F) =
2n for some positive number n and F is an up fence. Then 1Γr(F) = ∅ and
Θr(F)−1 ∪ 0Γr(F) = ∇F . Hence, Θr(F)−1 ∪ 1Γr(F) and Θr(F)−1 ∪ 0Γr(F) are not
central.

Remark 3.2.9. Let F be a fence and i ∈ {0, 1}. Then the relations Θr(F) and
Θr(F)−1 ∪ iΓr(F) are not central.

The following theorem shows a characterization of all binary central com-
patible relations with a fence.

Theorem 3.2.10. Let F be a fence.
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1. Θj is central if and only if
⌈

r(F)
2

⌉
≤∗ j <∗ r(F).

2. For i ∈ {0, 1} and k ∈ {1, . . . , r(F)}, Θk−1 ∪ iΓk is central if and only if k
is an even number satisfying one of the followings:

(a)
⌈

r(F)
2

⌉
<∗ k <∗ r(F),

(b)
⌈

r(F)
2

⌉
= k with r(F) = 2k − 1

(c)
⌈

r(F)
2

⌉
= k with r(F) = 2k and either F is an up fence if i = 0 or F is

a down fence if i = 1.

Proof. Let F =
({a0, a1, . . . , ar(F)},≤

)
be a fence.

(1) Lemma 3.2.7 (1), Lemma 3.2.8 (1) and Remark 3.2.9 imply that Θj is central

if and only if j is a positive integer with
⌈

r(F)
2

⌉
≤∗ j ≤∗ r(F) − 1.

(2) By dually, let i = 0.

(⇒) Suppose that Θk−1 ∪ 0Γk is central. Lemma 3.2.7 (2) implies that k is even.

By Lemma 3.2.8 and Remark 3.2.9, it suffices to consider the case that
⌈

r(F)
2

⌉
= k

which implies that r(F) = 2k or 2k − 1. One can see that if a ∈ CΘk−1∪0Γk

then d(a, b) ≤∗ k for all b ∈ F . Suppose that r(F) = 2k; but F is down fence.
Then there is no up fences from ak to a0; that is (ak, a0) /∈ 0Γk. Therefore,
ak /∈ CΘk−1∪0Γk

. Since there exists unique ak such that d(ak, b) ≤∗ k for all b ∈ F ,
the set CΘk−1∪0Γk

is empty, a contradiction.

(⇐) Suppose that k is even number. If
⌈

r(F)
2

⌉
<∗ k <∗ r(F) then Lemma 3.2.8 (2)

implies that Θk−1∪ 0Γk is central. If r(F) = 2k−1, it is clearly that (ak, a0) ∈ 0Γk

and (ak, b) ∈ Θk−1 for all b ∈ F \ {a0}; and so, ak ∈ CΘk−1∪0Γk
. Similarly, if

r(F) = 2k and F is up fence, (ak, a0), (ak, a2k) ∈ 0Γk and (ak, b) ∈ Θk−1 for all
b ∈ F \ {a0, a2k}, and so, ak ∈ CΘk−1∪0Γk

.

Recall that a is congruence to b modulo m, and we write a ≡ b (mod m)
if there is an integer k such that a = b + km for intergers a, b, m with m >∗ 0.
Figure 4 - 7 illustrate the lattice of all central compatible relations with a fence
F.
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Θr(F)−3

Θr(F)−3 ∪ 0Γr(F)−2 Θr(F)−3 ∪ 1Γr(F)−2

Θr(F)−2

Θr(F)−1

Figure 4. The lattice of all central compatible relations with a fence F such
that r(F) ≡ 0 (mod 4)

In Figure 4, the numbers r(F) and
⌈

r(F)
2

⌉
are even; that is, r(F) ≡ 0

(mod 4) and if F is up fence, we let i = 0 and if F is down fence, we let i = 1.

����
����� �

�
�

Θ⌈
r(F)

2

⌉
Θ⌈

r(F)
2

⌉ ∪ 0Γ⌈
r(F)

2

⌉
+1

Θ⌈
r(F)

2

⌉ ∪ 1Γ⌈
r(F)

2

⌉
+1

Θ⌈
r(F)

2

⌉
+1

����
����

�
� �

�
� Θ⌈

r(F)
2

⌉
+4

Θ⌈
r(F)

2

⌉
+2

Θ⌈
r(F)

2

⌉
+2

∪ 0Γ⌈
r(F)

2

⌉
+3

Θ⌈
r(F)

2

⌉
+2

∪ 1Γ⌈
r(F)

2

⌉
+3

Θ⌈
r(F)

2

⌉
+1

��
��
���
����� �

�
�

Θr(F)−4

Θr(F)−4 ∪ 0Γr(F)−3 Θr(F)−4 ∪ 1Γr(F)−3

Θr(F)−3

����
����

�
� �

�
Θr(F)−2

Θr(F)−2 ∪ 0Γr(F)−1 Θr(F)−2 ∪ 1Γr(F)−1

Θr(F)−1

Figure 5. The lattice of all central compatible relations with a fence F such
that r(F) ≡ 1 (mod 4)

In Figure 5, the numbers r(F) and
⌈

r(F)
2

⌉
are odd; that is, r(F) ≡ 1

(mod 4).
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Figure 6. The lattice of all central compatible relations with a fence F such
that r(F) ≡ 2 (mod 4)

In Figure 6, the number r(F) is even and the number
⌈

r(F)
2

⌉
is odd; that

is, r(F) ≡ 2 (mod 4).
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Figure 7. The lattice of all central compatible relations with a fence F such
that r(F) ≡ 3 (mod 4)

In Figure 7, the number r(F) is odd and the number
⌈

r(F)
2

⌉
is even; that

is, r(F) ≡ 3 (mod 4).

 
 
 
 

 
 
 
 

 
 



Chapter 4

All Maximal Clones of a Majority
Ordered Set

A ternary operation m : P 3 −→ P is called majority if for each x, y ∈ P ,

m(y, x, x) = m(x, y, x) = m(x, x, y) = x.

An ordered set is called a majority ordered set if the monotone clone contains
a majority order-preserving. C. Ratanaprasert [5] has shown that the monotone
clone of a finite unbounded connected majority ordered set is a subclone of a
maximal clone preserving a central relation with arity more than 1. Füredi Z.
and Rosenberg I.G. [4] introduced the class of all tree-likes which is a large class
of connected majority ordered sets that need not be lattices. J. Demetrovics
and L. Rónyai [3] proved that a fence is a majority ordered set. In Chapter
3, we characterized all maximal clones of a fence. In this chapter, we find all
possibilities of central compatible relations with a finite unbounded connected
majority ordered set in term of the distance function. And then we characterize
all central compatible relations with an unbounded tree-like.

Throughout this chapter, we will consider a finite connected ordered set
having the reach more than 1.

4.1 Maximal Clones of a Majority Ordered Set

In chapter 3, we proved that all maximal clones of an unbounded fence
are clones preserving central relations with arity only 2. As we already knew
that a fence is a majority order, it is interesting whether a central compatible
relations with a majority ordered set is also only binary. We are going to prove
the affirmative answer.

Theorem 4.1.1. If ρ is a central compatible relation with a majority ordered set
then ρ is binary.

Proof. Suppose that ρ is an n-ary central compatible relation with a majority
ordered set P for some n ≥ 3. Let m : P 3 −→ P be a majority operation on P
such that m ∈ Pol(ρ). Let a ∈ Cρ and (x1, . . . , xn) ∈ P n. Then

23

 
 
 
 

 
 
 
 

 
 



24

(a, x2, x3, . . . , xn), (x1, a, x3, . . . , xn), (x1, x2, a, x4, . . . , xn) ∈ ρ.

Since m is a majority operation, we have that x1 = m(a, x1, x1), x2 = m(x2, a, x2),
x3 = m(x3, x3, a) and xi = m(xi, xi, xi) for all i ∈ {4, . . . , n}; and so, (x1, . . . , xn)
belongs to ρ. Thus, P n = ρ, a contradiction. �

The above theorem shows that all maximal clones of a majority ordered
set are clones preserving central relations with arity only 2. In order to find all
maximal clones of a majority ordered set, it is first to find all binary central
compatible relations with the ordered set. Now, we will show all possibilities of
binary compatible relations with an ordered set.

Let P be an ordered set. For each a, b ∈ P and i ∈ {0, 1}, let iFb
a =

({a = a0, . . . ak = b},≤) and define if b
a : P → iF b

a by

if b
a(x) =

⎧⎪⎨
⎪⎩

ar if (a, x) ∈ iΓr \ jΓr for some 0 ≤∗ r ≤∗ k,

ar−1 if (a, x) ∈ jΓr for some 1 ≤∗ r ≤∗ k,

b if d(a, x) >∗ k

where j ∈ {0, 1} with j �= i. The following lemma gives that if b
a is an order-

preserving.

Lemma 4.1.2. Let P be an ordered set.

1. The operation if b
a is an order-preserving.

2. If (a, b) ∈ iΓk \ jΓk then if b
a �iFb

a
= idiFb

a
.

Proof. (1) By dually, assume that i = 0 and let f = 0f b
a. Note that a2i < a2i+1 >

a2i+2 for all 0 ≤∗ 2i ≤∗ k−2. Let x < y. If d(a, x) >∗ k+1 or d(a, y) >∗ k+1 then
Corollary 3.1.2 implies that f(x) = f(y) = ak. Suppose that (a, x), (a, y) ∈ Θk+1.
We will consider the following cases.

Case 1 : (a, x) ∈ 0Γ2i \ 1Γ2i for some i with 0 ≤∗ 2i ≤∗ k + 1. Then
f(x) = a2i. By Corollary 3.1.2, (a, y) ∈ Γ2i−1 ∪ Γ2i ∪ Γ2i+1. We will show that
(a, y) /∈ 1Γ2i−1. Suppose that 1Fy

a = {a = y0 > y1 < y2 . . . y2i−2 > y2i−1 = y}
exists. Since x < y < y2i−2 and by Corollary 3.1.2, d(a, x) ≤∗ d(a, y2i+2) + 1 =
2i − 1, a contradiction. Thus, (a, y) ∈ (0Γ2i−1 \ 1Γ2i−1) ∪ Γ2i ∪ Γ2i+1. Hence,
f(y) ∈ {a2i−1, a2i, a2i+1}. Since a0 < a1 > a2 . . . ak, we have f(x) ≤ f(y).

Case 2 : (a, x) ∈ 1Γ2i for some i with 0 ≤∗ 2i ≤∗ k+1. Then f(x) = a2i−1.
By Corollary 3.1.2, (a, y) ∈ Γ2i−1 ∪ Γ2i ∪ Γ2i+1. Assume that 1Fx

a = {x0 > x1 <
. . . > x2i−1 < x2i = x}. Since x2i−1 < x < y and by Corollary 3.1.2, d(a, y) ≤∗

d(a, x2i−1) + 1 = 2i; and so, (a, y) ∈ Γ2i−1 ∪ Γ2i. Moreover, if d(a, y) = 2i
then (a, y) ∈ 1Γ2i. We will show that (a, y) /∈ 1Γ2i−1. Suppose that 1Fy

a =
{y0 > y1 < y2 > . . . < y2i−2 > y2i−1 = y} exists. Since y2i−2 > y > x and by
Corollary 3.1.2, d(a, x) ≤∗ d(a, y2i−2) + 1 = 2i − 1, a contradiction. Therefore,
(a, y) ∈ (0Γ2i−1 \ 1Γ2i−1) ∪ 1Γ2i. Hence, f(y) = a2i−1 = f(x)

Case 3 : (a, x) ∈ 0Γ2i+1 \ 1Γ2i+1 for some i with 0 ≤∗ 2i ≤∗ k Then
f(x) = a2i+1. Similarly with the proof of Case 2, we obtain (a, y) ∈ 0Γ2i+1 \ 1Γ2i+1.
Hence, f(x) = f(y).
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Case 4 : (a, x) ∈ 1Γ2i+1 for some i with 0 ≤∗ 2i ≤∗ k. Then f(x) = a2i.
Similarly with the proof of Case 1, we obtain (a, y) ∈ Γ2i ∪ Γ2i+1 ∪ 1Γ2i+2. Hence,
f(x) ≤ f(y).
For any cases, we conclude that f(x) ≤ f(y).

(2) It is clear by the definition of the operations that if (a, b) ∈ iΓk \ jΓk then
if b

a �jFb
a
= idiFb

a
.

Lemma 4.1.3. Let ρ be a binary compatible relation with an ordered set P.

1. For each k ∈ {0, . . . , r(P)} and i, j ∈ {0, 1} with i �= j, (iΓk \ jΓk) ∩ ρ �= ∅
if and only if (iΓk \ jΓk) �= ∅ and iΓk ⊆ ρ.

2. For each k ∈ {1, . . . , r(P)}, if Γk ∩ ρ �= ∅ then Θk−1 ⊆ ρ.

Proof. (1) By dually, we may assume that (x, y) ∈ (0Γk \ 1Γk)∩ρ and 0Fy
x = {x0 <

x1 > . . . xk} is a fence from x to y. Then (iΓk \ jΓk) �= ∅. By Lemma 4.1.2, the
operation 0f y

x is an order-preserving with 0f y
x �0Fy

x
= id0Fy

x
. Let (a, b) ∈ 0Γk and

0Fb
a = {a0 < a1 > . . . ak}. By Corollary 3.2.4, there is an order-preserving g from

0Fy
x onto 0Fb

a with g(x) = a and g(y) = b. Hence, g ◦ 0f y
x is an order-preserving

with g ◦ 0f y
x (x) = a and g ◦ 0f y

x (y) = b. Since (x, y) ∈ ρ and g ◦ 0f y
x ∈ Pol(ρ), we

obtain (a, b) ∈ ρ.

(2) Let (x, y) ∈ Γk ∩ ρ. By dually, we may assume that 0Fy
x = {x0 < x1 > . . . xk}

exists. It is clear that (x0, xm) ∈ 0Γm \ 1Γm and (x1, xn+1) ∈ 1Γn \ 0Γn for all
m,n ∈ {1, . . . , k−1}. By Lemma 4.1.2, the operations 0fxm

x0
and 1fxn+1

x1
are order-

preservings with 0fxm
x0

(x) = x0,
0fxm

x0
(y) = xm, 1fxn

x1
(x) = x1 and 1fxn+1

x1
(y) =

xn+1 for all m, n ∈ {1, . . . , k − 1}. Since 0fxm
x0

, 1fxn+1
x1

∈ Pol(ρ) and (x, y) ∈
ρ, we get (x0, xm), (x1, xn+1) ∈ ρ which implies that (0Γm \ 1Γm) ∩ ρ �= ∅ and
(1Γn \ 0Γn) ∩ ρ �= ∅ for all m,n ∈ {1, . . . , k − 1}. By (1), Γm = 0Γm ∪ 1Γm ⊆ ρ for
all m ∈ {1, . . . , k − 1}. It is clearly that Γ0 ⊆ ρ. Therefore, Θk−1 ⊆ ρ.

The following theorem shows all possibilities of binary compatible relations
with an ordered set in terms of the distance function.

Theorem 4.1.4. Let ρ be a binary compatible relation with an ordered set P.
Then ρ is one of the following relations:

Θr(P) , Θk−1 ∪ iΓk or Θk−1 ∪ Ak

for some k ∈ {1, . . . , r(P)} and i ∈ {0, 1} where Ak ⊆ 0Γk ∩ 1Γk; especially,
A2 = 0Γ2 ∩ 1Γ2.

Proof. Since all constant functions are order-preservings, ρ is refexive; so, Θ0 ⊆ ρ.
Let (x, y) ∈ ρ such that d(x, y) ≥∗ d(a, b) for all (a, b) ∈ ρ and let k = d(x, y). Then
ρ ⊆ Θk and Γk ∩ρ �= ∅. If k = 0 then ρ = Θ0 = Θ0∪A1 where A1 = ∅ ⊆ 0Γ1∩ 1Γ1.
We consider the case that k is positive. Then, Lemma 4.1.3 (2) implies that
Θk−1 ⊆ ρ.

If (0Γk \ 1Γk)∩ρ �= ∅ and (1Γk \ 0Γk)∩ρ �= ∅, Lemma 4.1.3 (1) implies that
Θk−1 ∪ 0Γk ∪ 1Γk ⊆ ρ. Since Θk−1 ∪ 0Γk ∪ 1Γk = Θk and ρ ⊆ Θk, we have that
ρ = Θk = Θk ∪ Ak+1 where Ak+1 = ∅ ⊆ 0Γk+1 ∩ 1Γk+1.
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If (0Γk \ 1Γk)∩ρ �= ∅ and (1Γk \ 0Γk)∩ρ = ∅, Lemma 4.1.3 (1) implies that
Θk−1 ∪ 0Γk ⊆ ρ Since ρ ⊆ Θk = Θk−1 ∪ 0Γk ∪ (1Γk \ 0Γk) and (1Γk \ 0Γk) ∩ ρ = ∅,
we have that ρ ⊆ Θk−1 ∪ 0Γk; so, ρ = Θk−1 ∪ 0Γk.

If (0Γk \ 1Γk)∩ρ = ∅ and (1Γk \ 0Γk)∩ρ �= ∅ then similarly, ρ = Θk−1∪ 1Γk.

If (0Γk \ 1Γk) ∩ ρ = ∅ and (1Γk \ 0Γk) ∩ ρ = ∅ then ρ = Θk−1 ∪ Ak where
Ak = ρ ∩ (0Γk ∩ 1Γk).

Now, assume that ρ = Θ1∪A2. If 0Γ2∩1Γ2 = ∅ then A2 ⊆ 0Γ2∩1Γ2 = ∅; so,
A2 = 0Γ2 ∩ 1Γ2 = ∅. Let 0Γ2 ∩ 1Γ2 �= ∅. By Corollary 3.1.7, Θ1 is not compatible
with P. Hence, A2 �= ∅. Let (a, b) ∈ A2. Since A2 ⊆ 0Γ2 ∩ 1Γ2, there exist
0, 1 ∈ P such that a < 1 > b and a > 0 < b. Note that that the binary operation
f : P 2 −→ {a, b, 0, 1} which is defined as in the proof of Theorem 3.1.6 is an
order-preserving with f(0, 1) = a and f(b, b) = b. To show that 0Γ2 ∩ 1Γ2 ⊆ A2,
let (ã, b̃) ∈ 0Γ2∩1Γ2 and let 0̃, 1̃ ∈ P with ã < 1̃ > b̃ and ã > 0̃ < b̃. Define a unary
operation g : {a, b, 0, 1} −→ {ã, b̃, 0̃, 1̃} by g(x) = x̃ for all x ∈ {a, b, 0, 1}. It is
clearly that g is an order-preserving. Since g ◦f ∈ Pol(Θ1∪A2) and (0, b), (1, b) ∈
Θ1, we have

(ã, b̃) = (g ◦ f(0, 1), g ◦ f(b, b)) ∈ Θ1 ∪ A2

which implies that (ã, b̃) ∈ A2. Therefore, A2 = 0Γ2 ∩ 1Γ2.

Figure 8 illustrates the lattice of all possibilities of binary compatible rela-
tions with an ordered set.
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Figure 8. The lattice of all possibilities of binary compatible relations with
an ordered set P

4.2 All Maximal Clones of a Tree-like

An ordered set P is a tree if the diagram of P is a tree graph. An ordered
set P is a tree-like if there is a tree TP such that P is obtained by replacing each
interval [q, q′] which q′ covers q in TP by a lattice Lqq′ with a least element q
and a greatest element q′ so that any two such lattices intersect in at most one
bound. Füredi Z., Rosenberg I.G. [4] showed that the class of all tree-likes is a
large class of majority ordered sets that need not be lattices. It is clear that trees
and lattices are tree-likes. J. Demetrovics and L. Rónyai [3] proved that a crown
is not a majority ordered set. Hence, crowns are a class of orsered set which is not
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tree-like. We are going to show a class of ordered sets which are not a tree-like
and a crown.

Note that every tree has no crowns as subordered sets and for each two
elements a and b in a tree, all fences from a to b are minimal.

Proposition 4.2.1. If P is a tree-like, then 0Γk∩1Γk = ∅ for all k ∈ {3, . . . , r(P)}.
Proof. Suppose that there is (a, b) ∈ 0Γk ∩ 1Γk for some k ∈ {3, . . . , r(P)}.
Let 0Fb

a = {a0 < a1 > a2 < . . . ak} and 1Fb
a = {b0 > b1 < b2 > . . . bk}.

By the properties of P, we may assume that a1, . . . , ak−1, b1, . . . , bk−1 ∈ TP.
Then a1 > a0 = a = b0 > b1 and ak−1 is comparable with bk−1. The min-
imality of 0Fb

a and 1Fb
a implies that ai is not comparable with bj if i �= j.

Let m = min {i ∈ {2, 3, . . . , k} | ai is comparable with bi}. Then TP contains the
crown Cm = ({a1, . . . , am, b1, . . . , bm};≤�Cm) as a subordered set, a contradic-
tion.

Now, we will give a characterization of all finite connected ordered sets P
satisfying 0Γk ∩ 1Γk = ∅ for all k ∈ {3, . . . , r(P)} by a graph of its subordered sets
which will define as follows.

Definition 4.2.2. Let P be an ordered set and a, b ∈ P . A subordered set
0Fb

a ∪ 1Fb
a of P is called a skew-diamond (from a to b) and denoted by Db

a if
(a, b) ∈ 0Γk ∩ 1Γk for some k ∈ {2, . . . , r(P)}.

Note that a skew-diamond Db
a with d(a, b) = 2 is a diamond lattice. If

d(a, b) > 2, a skew-diamond Db
a is called a proper skew-diamond.
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Figure 9. Examples of skew-diamonds

Next theorem is a characterization of a finite connected ordered set P
satisfying 0Γk ∩ 1Γk = ∅ for all k ∈ {3, . . . , r(P)}. It can be proved directly by the
definition.

Theorem 4.2.3. Let P be an ordered set. The followings are equivalent:

1. P satisfy 0Γk ∩ 1Γk = ∅ for all k ∈ {3, . . . , r(P)}.
2. P has no proper skew-diamonds as subordered sets. �

Proposition 4.2.1 and Theorem 4.2.3 imply that an ordered set is not tree-
like if the ordered set has a proper skew-diamond as a subordered set.

Theorem 4.1.1 implies that all maximal clones of a majority ordered set are
clones preserving central relations with arity only 2. Hence, by Theorem 4.1.4, we
obtain all possibilities of binary compatible relations with an ordered set. Now,
we are going to characterize all binary compatible relations with a tree-like.
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Theorem 4.2.4. Let P be a tree-like. A binary relation ρ is compatible with P if
and only if ρ is one of the following relations:

Θj, Θ1 ∪
(
0Γ2 ∩ 1Γ2

)
or Θk−1 ∪ iΓk

for some j ∈ {0, . . . , r(P)} with j �= 1, k ∈ {1, . . . , r(P)} and i ∈ {0, 1}.
Proof. If ρ is a binary compatible relation with P, ρ is one of those relations
in Theorem 4.1.4. Since P is tree-like and by Proposition 4.2.1, 0Γk ∩ 1Γk = ∅
for all k ∈ {3, . . . , r(P)}; and so, Ak = ∅ for all k ∈ {3, . . . , r(P)}. Hence,
ρ is a relation in this theorem. Conversely, we will show that Pol(Θk−1 ∪ 0Γk)
contains the monotone clone of P. Let f be an n-ary order-preserving defined on
P and (xi, yi) ∈ Θk−1 ∪ 0Γk for all i ∈ {1, . . . , n}. Let d(xi, yi) = mi and Fi =
({a0

i , a
1
i , . . . , a

mi
i };≤) is a minimum size fence from xi to yi for all i ∈ {1, . . . , n}.

Then mi ≤∗ k for all i ∈ {1, . . . , n}. We may assume that there is an r ∈ {1, . . . , n}
such that a0

i ≤ a1
i for all i ∈ {1, . . . , r} and a0

i ≥ a1
i for all i ∈ {r + 1, . . . , n}. Since

f is an order-preserving,

f(x1, . . . , xn) = f(a0
1, . . . , a

0
n)

≤ f(a1
1, . . . , a

1
r, a

0
r+1, . . . , a

0
n)

≥ f(a2
1, . . . , a

2
r, a

1
r+1, . . . , a

1
n)

≤ f(a3
1, . . . , a

3
r, a

2
r+1, . . . , a

2
n)

...
f(ak

1, . . . , a
k
r , a

k−1
r+1 , . . . , a

k−1
n )

= f(y1, . . . , yn)

where al
i = yi for all l ≥∗ mi. Hence, either there is an up fence from f(x1, . . . , xn)

to f(y1, . . . , yn) with the reach k or d(f(x1, . . . , xn), f(y1, . . . , yn)) <∗ k Therefore,
(f(x1, . . . , xn), f(y1, . . . , yn)) ∈ Θk−1 ∪ 0Γk. Hence, Pol(Θk−1 ∪ 0Γk) contains the
monotone clone of P; that is, Θk−1 ∪ 0Γk is compatible with P. By dually, Θk−1 ∪
1Γk is compatible with P. It follow that Θk−1 ∪ (0Γk ∩ 1Γk) = (Θk−1 ∪ 0Γk) ∩
(Θk−1 ∪ 1Γk) is compatible with P. Hence, Θ1 ∪ (0Γ2 ∩ 1Γ2) is compatible with
P. By Proposition 4.2.1, 0Γk ∩ 1Γk = ∅ for all k ∈ {3, . . . , r(P)}. Thus, Θj is
compatible with P for all j ∈ {2, . . . , r(P) − 1}. Since Pol(Θ0) = Pol(Θr(P)) =
O(P ), Θj is compatible with P for all j ∈ {0, . . . , r(P)} with j �= 1.

The lattice of all binary compatible relations with a tree-like is illustrated
in Figure 10.
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Figure 10. The lattice of all binary compatible relations with a tree-like P

One can see that the lattice of all binary compatible relations with a tree-
like P is isomorphic to the lattice of all binary compatible relations with a fence
T if r(P) = r(F).

By the proof of the above theorem, we have the following corollary.

Corollary 4.2.5. Let P be an ordered set. Then the relations

Θk−1 ∪ iΓk and Θk−1 ∪
(
0Γk ∩ 1Γk

)
are compatible with P for all k ∈ {1, . . . , r(P)} and i ∈ {0, 1}. �

Even though all relations in Theorem 4.2.4 are binary compatible with a
tree-like, but some of these relations are not central; for instances, Θ0 and Θ0∪0Γ1

are not central since CΘ0 = ∅ and Θ0 ∪ 0Γ1 is not symmetric. We close our story
by giving a characterization of all central compatible relations with a tree-like via
the following lemmata.

Lemma 4.2.6. If T be a tree, the center of the relation Θ� r(T)
2 � is not empty.

Proof. Suppose that r(T) = 2m for some positive integer m. Let a, b ∈ T with
d(a, b) = r(T). We may assume that ({a = a0, . . . , a2m = b};≤) is a fence from a
to b such that am−1 < am > am+1 and am is a minimum element of {am−1, am+1}u

in T.

Claim 1: If (am, x) ∈ 1Γr then r ≤∗ m and if (am, y) ∈ 0Γs then s ≤∗ m+1.
To prove Claim 1, let {am = x0 > x1 < x2 > . . . xr = x} and {am = y0 < y1 >
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y2 < . . . ys = y} be fences from am to x and am to y, respectively for some
x, y ∈ T . By choosing am and property of T, x1 is not comparable with am−1

or am+1. Similarly, y2 is not comparable with am−1 or am+1. We may assume
that x1 and y2 are not comparable with am−1. By the property of T again,
({a0, . . . , am−1, am, x1, x2, . . . xr = x};≤) and ({a0, . . . , am−1, y1, y2, . . . ys = y};≤)
are fences from a0 to x and a0 to y, respectively. Hence, m + r = d(a0, x) ≤∗ 2m
and m + s − 1 = d(a0, y) ≤∗ 2m; that is, r ≤∗ m and s ≤∗ m + 1.

By Claim 1, if there is no b ∈ T such that (am, b) ∈ 0Γm+1 then am ∈ CΘm .
Suppose that there is b ∈ T such that (am, b) ∈ 0Γm+1 and let {am = b0 < b1 >
b2 < . . . bm+1 = b}.

Claim 2: If (b1, x) ∈ 1Γr then r ≤∗ m and if (b1, y) ∈ 0Γs then s ≤∗

m + 1. By the same argument as the proof of Claim 1, we conclude that if
(b1, y) ∈ 0Γs then s ≤∗ m + 1. Let {b1 = x0 > x1 < x2 > . . . xr = x}
be a fence from b1 to x for some x ∈ T . If x1 is comparable with am−1 and
am+1 then x1 is not comparable with b2 which implies by the property of T that
({xr, . . . , x1, x0, b2, . . . , bm+1};≤) is a fence; and so, r + m = d(xr, bm+1) ≤∗ 2m;
that is, r ≤∗ m. Assume that x1 is not comparable with am−1. By the property of
T, ({a0, . . . , am−1, x0, x1, x2, . . . xr = x};≤) is a fence; and so, r+m = d(a0, xr) ≤∗

2m; that is, r ≤∗ m.

By Claim 2, if there is no b ∈ T such that (b1, b) ∈ 0Γm+1 then am ∈ CΘm .
Suppose that there is b ∈ T such that (b1, b) ∈ 0Γm+1. We continue this process.
Since T is finite, the process will be end. So, there is c ∈ T such that if (b, x) ∈ 1Γr

then r ≤∗ m and if (b, y) ∈ 0Γs then s ≤∗ m. Hence, c ∈ CΘm . Therefore, we
can conclude that if T is a tree with r(F) = 2m for some positive integer m then
CΘm �= ∅.

Next, we suppose that r(T) = 2m − 1 for some positive integer m. Let
a, b ∈ T with r(Fb

a) = 2m − 1. By dually, we may assume that Fb
a is up fence.

Let T ′ = T ∪ {x} for some x /∈ T and let ≤′=≤ ∪{(y, x) | y ≤ a or y = x}. Then
T′ = (T ′;≤′) is a tree with r(T′) = 2m. By the above fact, there is c ∈ T ′ such
that d′(c, y) ≤∗ m for all y ∈ T ′ where d′ is the distance function on T ′ × T ′.
Note that d = d′ �T×T and c �= x. Hence, d(c, y) ≤∗ m for all y ∈ T . Therefore,
c ∈ CΘm .

We see that all relations in Theorem 4.2.4 contain Θ0. Hence, those rela-
tions are reflexive. It is interesting to see which all relations in Theorem 4.2.4 are
symmetric and the center is neither empty nor P .

Lemma 4.2.7. Let P be a tree-like.

1. The relation Θj is symmetric for all j ∈ {0, . . . , r(P)}.
2. For i ∈ {0, 1} and k ∈ {1, . . . , r(P)}, the relation Θk−1 ∪ iΓk is symmetric

if and only if k is an even number.

Proof. (1) We see that d(a, b) = d(b, a) for all a, b ∈ P . Hence, Θj is symmetric
for all j ∈ {0, . . . , r(P)}.
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(2) Let i ∈ {0, 1} and k ∈ {1, . . . , r(P)}. If k is even, it is clear that iΓk is
symmetric; and so, Θk−1∪ iΓk is symmetric. Suppose that Θk−1∪ iΓk is symmetric
and k is odd. Let (a, b) ∈ iΓk. Since Θk−1∪ iΓk is symmetric, (b, a) ∈ iΓk. If k = 1,
the anti-symmetricity of the order implies that a = b, a contradiction. Assume
that k ≥∗ 3. Since (b, a) ∈ iΓk and k is odd, (a, b) ∈ jΓk for {i, j} = {0, 1}. Thus,
(a, b) ∈ iΓk ∩ jΓk which contradicts to Proposition 4.2.1. Therefore, k is even.

Follows from Theorem 3.2.10, the center of the relation Θ� r(P)
2 �−1

∪ iΓ� r(P)
2 �

is not necessary empty if P is a tree-like. The following lemma shows necessary
conditions for a positive number k such that the center of the relation Θk−1 ∪ iΓk

is empty or not for all i ∈ {0, 1}.
Lemma 4.2.8. Let P be a tree-like and k ∈ {0, . . . , r(P)}.

1. The center of the relation Θk is not empty if and only if k ≥∗
⌈

r(P)
2

⌉
.

2. For i ∈ {0, 1}, the center of the relation Θk−1 ∪ iΓk is not empty if k >∗⌈
r(P)

2

⌉
, and the center of the relation Θk−1 ∪ iΓk is empty if k <∗

⌈
r(P)

2

⌉
.

Proof. (1) Suppose that c ∈ CΘk
with k <∗ r(P)

2
and let a, b ∈ P with d(a, b) =

r(P). Then
r(P) = d(a, b) ≤∗ d(a, c) + d(c, b) ≤∗ 2k <∗ r(P),

a contradiction. Hence, k ≥∗ r(P)
2

; and so, k ≥∗
⌈

r(P)
2

⌉
. Conversely, suppose that

k ≥∗
⌈

r(P)
2

⌉
. By Lemma 4.2.6, there is c ∈ TP such that d(c, b) ≤∗

⌈
r(TP)

2

⌉
=⌈

r(P)
2

⌉
≤∗ k for all b ∈ TP. Let a ∈ P and let {a = a0 < a1 > . . . , am = c} be a

minimum size fence from a to c. Assume that a1, . . . , am ∈ TP. By the properties
of P, there is a′

0 ∈ TP such that a ∈ La′
0a1

. Therefore, d(a, c) = d(a′
0, c) ≤∗ k. It

follows that c ∈ CΘk
.

(2) If k − 1 ≥∗ r(P)/2 then (1) and Θk−1 ⊆ Θk−1 ∪ iΓk imply that the center of
Θk−1 ∪ iΓk is not empty. Also, if k <∗ r(P)/2 then (1) and Θk−1 ∪ iΓk ⊆ Θk imply
that the center of Θk−1 ∪ iΓk is empty.

The following theorem gives a characterization of all binary central com-
patible relations with a tree-like.

Theorem 4.2.9. Let P be a tree-like.

1. Θj is central if and only if
⌈

r(P)
2

⌉
≤∗ j <∗ r(P).

2. For i ∈ {0, 1}, Θk−1 ∪ iΓk is central if and only if k is an even number
satisfying one of the followings:

(a)
⌈

r(P)
2

⌉
= k and there exists a ∈ CΘk

such that (a, b) ∈ iΓk for all b ∈ P

with (a, b) ∈ Γk,

(b)
⌈

r(P)
2

⌉
<∗ k <∗ r(P) or
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(c) r(P) = k and ∅ �= iΓk �= Γk.

3. Θ1 ∪ (0Γ2 ∩ 1Γ2) is central if and only if either

(a) r(P) = 2 and (0Γ2 ∩ 1Γ2) �= Γ2, or

(b) r(P) ∈ {3, 4} and there exists a ∈ CΘ2 such that (a, b) ∈ 0Γ2 ∩ 1Γ2 for
all b ∈ P with (a, b) ∈ Γ2.

Proof. (1) It is clearly that Θr(F) is not central. Lemma 4.2.7 (1) and Lemma 4.2.8

(1) imply that Θj is central if and only if j is a positive integer with
⌈

r(F)
2

⌉
≤∗

j ≤∗ r(F) − 1.

(2) (⇒) Suppose that Θk−1∪ iΓk is central. Then Θk−1∪ iΓk is symmetric. Lemma

4.2.7 (2) implies that k is an even number. By Lemma 4.2.8 (2),
⌈

r(P)
2

⌉
≤∗ k ≤∗

r(P). If k = r(P) but iΓr(P) = Γr(P) then Θr(P)−1 ∪ iΓr(P) = Θr(P) is not central,

a contradiction. Hence, if r(P) = k then iΓk �= Γk. Suppose that
⌈

r(P)
2

⌉
= k.

Let a ∈ CΘk−1∪iΓk
. Then (a, b) ∈ iΓk for all b ∈ P with (a, b) ∈ Γk. We see that

a ∈ CΘk−1∪iΓk
⊆ CΘk

.

(⇐) Let k be an even number. Then Lemma 4.2.7 (2) implies that Θk−1 ∪ iΓk is

symmetric. By Lemma 4.2.8 (2), if
⌈

r(P)
2

⌉
<∗ k ≤∗ r(P) the set CΘk−1∪iΓk

is not

empty. We see that if
⌈

r(P)
2

⌉
<∗ k <∗ r(P) then CΘk−1∪iΓk

�= P ; and so Θk−1 ∪ iΓk

is central. If iΓr(P) �= Γr(P) then there are a, b ∈ P such that d(a, b) = r(P) but
(a, b) /∈ iΓr(P); and so a /∈ CΘr(P)−1∪iΓr(P)

and Θr(P)−1 ∪ iΓr(P) is central. Suppose

that
⌈

r(P)
2

⌉
= k and there exists a ∈ CΘk

such that (a, b) ∈ iΓk for all b ∈ P with

(a, b) ∈ Γk. It suffices to show that a ∈ CΘk−1∪iΓk
. Let b ∈ P . Since a ∈ CΘk

, we
get d(a, b) ≤∗ k. If d(a, b) = k then by the assumption, we have that (a, b) ∈ iΓk.
Therefore, (a, b) ∈ Θk−1 ∪ iΓk. Hence, a ∈ CΘk−1∪iΓk

.

(3) It is clear that Θ1 ∪ (0Γ2 ∩ 1Γ2) is symmetric. If r(P) ≥∗ 5 then
⌈

r(P)
2

⌉
= 3;

and so CΘ1∪(0Γ2∩1Γ2) ⊆ CΘ2 = ∅. Similarly with (2).

Figure 11 -13 illustrate the lattice of all central compatible relations with
a tree-like P with 2 ≤∗ r(P) <∗ 5.
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0Γ2 ∩ 1Γ2
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Θ1

Θ1 ∪ 0Γ2 Θ1 ∪ 1Γ2

Figure 11. The lattice of all central compatible relations with a tree-like P
such that r(P) = 2
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Figure 11 shows the lattice of all central compatible relations with a tree-
like P such that r(P) = 2 and these relations are distinct central.
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Θ1 ∪ (
0Γ2 ∩ 1Γ2
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Θ2

Θ1 ∪ 0Γ2 Θ1 ∪ 1Γ2

Figure 12. The lattice of all central compatible relations with a tree-like P
such that r(P) = 3

Figure 12 shows the lattice of all central compatible relations with a tree-
like P such that r(P) = 3 and these relations are distinct central.
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Θ3

Θ3 ∪ 0Γ4 Θ3 ∪ 1Γ4

Figure 13. The lattice of all central compatible relations with a tree-like P
such that r(P) = 4

Figure 13 shows the lattice of all central compatible relations with a tree-
like P such that r(P) = 4 and these relations are distinct central.

Figure 14 - 17 illustrate the lattice of all central compatible relations with
a tree-like P with r(P) ≥∗ 5.
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Θr(P)−3

Θr(P)−3 ∪ 0Γr(P)−2 Θr(P)−3 ∪ 1Γr(P)−2

Θr(P)−2

Θr(P)−1

Θr(P)−1 ∪ 0Γr(P) Θr(P)−1 ∪ 1Γr(P)

Figure 14. The lattice of all central compatible relations with a fence P
such that r(P) ≡ 0 (mod 4)

In Figure 14, the numbers r(P) and
⌈

r(P)
2

⌉
are even; that is, r(P) ≡ 0

(mod 4) and both Θ� r(P)
2 �−1

∪ 0Γ� r(P)
2 � and Θ� r(P)

2 �−1
∪ 0Γ� r(P)

2 � are central and

both 0Γr(P) and 1Γr(P) are not empty and Γr(P). By the properties of a fence, we
see that Figure 14 is improved to Figure 4.
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Figure 15. The lattice of all central compatible relations with a tree-like P
such that r(P) ≡ 1 (mod 4)
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In Figure 15, the numbers r(P) and
⌈

r(P)
2

⌉
are odd; that is, r(P) ≡ 1

(mod 4). Figure 15 is look like Figure 5 for the same reaches.
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Figure 16. The lattice of all central compatible relations with a fence F
such that r(P) ≡ 2 (mod 4)

In Figure 16, the number r(P) is even and the number
⌈

r(P)
2

⌉
is odd; that

is, r(P) ≡ 2 (mod 4) and both 0Γr(P) and 1Γr(P) are not empty and Γr(P). For a
fence F with r(F) ≡ 2 (mod 4), we see that 0Γr(P) and 1Γr(P) are either empty or
Γr(P). So, Figure 16 is improved to Figure 6
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Figure 17. The lattice of all central compatible relations with a fence P
such that r(P) ≡ 3 (mod 4)
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In Figure 17, the number r(P) is odd and the number
⌈

r(P)
2

⌉
is even; that

is, r(P) ≡ 3 (mod 4) and both Θ� r(P)
2 �−1

∪ 0Γ� r(P)
2 � and Θ� r(P)

2 �−1
∪ 1Γ� r(P)

2 � are

central. We see that Figure 17 is look like Figure 7.

 
 
 
 

 
 
 
 

 
 



Bibliography

[1] B.A.Davey and H.A.Priestley (1990). Introduction to Lattices and Order,
Cambridge Mathematical Textbooks, New York.

[2] B.A. Davey, R.W. Quackenbuch and D. Schweigert (1990). Monotone clone
and the varieties they determine, Order, 7, 145–167.

[3] J. Demetrovics and L. Rónyai (1989). Algebraic Properties of Crowns and
Fences, Order, 6, 91–99.
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ertigen Logiken, Rozpravy Ceskoslovenské Akademie Ved, 80, 3–93.
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List of Symbols

Pol(ρ) the set of all operations preserving a relation ρ

Fb
a a minimum size fence from a to b

0Fb
a a minimum size up fence from a to b

1Fb
a a minimum size down fence from a to b

r(P) the maximum of the set of all integers |Fb
a| − 1 for some a, b ∈ P

Γk the set of all (a, b) ∈ P × P such that d(a, b) = k

0Γk the set of all (a, b) ∈ Γk such that 0Fb
a sxists

1Γk the set of all (a, b) ∈ Γk such that 1Fb
a sxists

Θk the set of all (a, b) ∈ P × P such that d(a, b) ≤ k
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