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Chapter 1

Introduction

Mathematical modeling in epidemiology is a multidisciplinary subject that
stems from the need to understand underlying mechanisms and factors that influ-
ences the spread of an infectious disease. Historical background of mathematical
models in studying the diseases was recognized in a defense of the practice of
inoculation against smallpox in 1760 by Daniel Bernouilli [14]. For the modern
mathematical epidemiology, the principle of compartmental model was first con-
tributed by the works of McKendrick(1926) and of von Foerster(1959). As an
example, it was the formulation of a simple SIR epidemic model that predicted
behavior very similar to the behavior observed in epidemic curve of the Great
Plague of London, which took place in 1665-1666 [15]. Basically, this kind of
compartmental model divides the population into three distinct disease statuses
such as susceptible individuals(S) who have not been infected but are susceptible
to the disease, infectious individuals(I) who are infected and can transmit the dis-
ease and recovered individuals(R) who have recovered from the disease and have
immunity. Nevertheless, with the force of globalized world, the epidemic process in
the present is more complex than the past. There is a need of model development
to be come up with situations that can be often observed in reality. Depending
on the nature of the disease in consideration and ecological aspect in the context
of study, extension of the model can be ranging from addition of compartments
such as exposed class and vectors, non-homogeneous mixing, age-structured pop-
ulation and distributions that are spatially non-uniform, etc. For example, in the
large scale of outbreak, the course of an infection of communicable disease such as
measles, influenza, tuberculosis and SARS usually cannot be modeled accurately
without some attention to its spatial spread.

Spatial dispersal is a key feature in modeling the spread of an infectious
disease driven by human mobility. Recently, a novel influenza A (HIN1) virus has
spread rapidly across many countries [16]. Spreading of cholera along the West
African coast can be influenced by human movement besides hydrological trans-
port [17]. These show that human mobility or travel allows a potentially disease
agent to be introduced into a new geographic area leading to disease emergence or
spread [18]. There are several ways to incorporate human mobility into the model
of disease transmission. If the space is continuous, one can describe the dynamics
of human mobility by using diffusion process, often in terms of partial differential



equations (for example see [19] and [20]). For discrete geographical regions, it
is usual to divide the population being study into several subgroups associated
with the reference area. For instance, in the regional scale, the area can be de-
fined as district or sub-district, but in global scale, it can be defined as country
or continent. In theoretical point of view, the area definition is usually abstract
and being modeled in terms of patch. Thus, the system of this kind is referred
to as a multi-patch system. Each patch may be coupled with each other through
the human movement. This concept is indeed widely used in ecology for many
years. The so-called metapopulation model [22] is termed as “networks of idealized
habitat patches in which species occur as discrete local populations connected by
magration” .

The use of metapopulation model in mathematical epidemiology has been
increasing in recent years [20, 23, 24, 25, 26]. Many models of communicable dis-
eases normally share a common basic principle on the model of infection, e.g. the
standard incidence or mass action incidence [21]. For both assumptions, it must
be assumed that the contact pattern is locally random mixing and homogeneous.
This serves as underlying assumption for each patch in metapopulation system.
However, due to the inter-patch movement, the temporal dynamics of local pop-
ulation is altered, so is the contact pattern within each patch. The heterogeneity
of contact within patch is taking into accounted by implicit model of movement.
By using this approach, the movement is embedded in the force of infection expe-
rienced by susceptible in a given patch being depicted as a weighted sum of the
levels of infection in each patch [27]. Alternatively, the human movement can be
modeled explicitly by adding the transportation operators being the net rate of
total migrations.

In this study, we emphasize on a metapopulation model in order for study-
ing the effects of human mobility on the transmission dynamics of an infectious
disease. Here an SIR epidemic model is focused as a starting point for other pos-
sible extension along the way of specific purpose of study and for specific disease
characters. We confine ourselves into the theoretical epidemic model based upon
deterministic approach rather than stochastic approach. By means of theoreti-
cal aspect, we do not pay our attention on any specific infectious diseases. In
literatures, an explicitly SIR model that includes the linear migration rates of
population has been formulated and studied [3, 4, 5] but there is a few models
that taking into account the effects of a population travel in a nonlinear fashion.
The problem on choosing the model of mobility pattern for studying the impact on
dynamics of communicable diseases is crucial among modelers discussion. While
this problem is entangled with the accuracy of data and information in hand, the
impact of the parameters and model features on the reliability of the predicted
scenarios is difficult to assess. Therefore, the human movement between patch in
this study is modeled explicitly by using the gravity model.

Gravity model is a model of population movement that is adapted from
Newton’s law of gravity in physics. It characterizes the trip distribution—the num-
ber of trips between one point and another in discrete regions. In general, the
gravity model considers the quantity of interaction of their economic force of at-



traction or economic mass and as a negative correlation with the distance between
them [28]. The concept of gravity model is widely used in transportation study.
For example, in 2007, T. Grosche, F. Rothlauf and A. Heinzl [6] presented a grav-
ity model for the estimation of air passenger volume between city-pairs. In 2009,
J. Alm and J. V. Winters [7] formulated a model of student migration under which
the migration flows from school district to institution is subject to the gravity law.
For epidemiological model, its functional form mostly represents proportionality
to the population sizes of coupled communities and an inverse proportion to the
distance between the communities. In recent years gravity models have been in-
creasingly used in the large-scale computational models for the realistic simulation
of epidemic outbreaks [29] and in agent-based micro-simulations of epidemic dy-
namics in synthetic networks [30]. The model calibration has been performed in
predicting the spread of influenza [31] and measles outbreaks [1, 25].

In epidemiology, the main purpose of using the mathematical model is to
understand how the disease evolves in communities and to indentify the impact of
countermeasures those issued by model suggestions. In traditional deterministic
scheme, this concept is related to the disease-free equilibrium and the most im-
portant quantity, the basic reproduction number. The disease-free equilibrium
is defined as a steady state solution of an epidemic model at which the number of
individuals in all disease stages is zero. The basic reproduction number [8, 9]
is a measure of potential for disease spread in a population at the initial phase
of epidemic. It is defined as an expected secondary infections produced by a pri-
mary index case introduced into a completely susceptible population. Thus, this
quantity acts as an epidemic threshold that is, if its value is less than one, then
the disease cannot be established into the community, on contrary, the epidemic
occurs if its value is greater than one. Depending on the disease the derivation
of the basic reproduction number from deterministic model is usually carried by
using the survival function method [32]. There are complications however in the
derivation when space is taken into account, and when individuals can move. A
more suitable method to derive the basic reproduction number in this case is the
next generation approach [32].

In this study, we propose an explicitly SIR epidemic model under which
a population travel is subjected to the gravity law that modified from previous
work [2]. In order to study the effect of travel under gravity law on a SIR epidemic
model in a patchy environment, we analytically derive the disease-free equilibrium
and the basic reproduction number using the next generation method. Our aim is
to determine the conditions in which the disease dies out in the metapopulation
system. In doing this, we work on simplest network topology, that is two patches
and consider the impact on an extendable three-patch system. As far as the
stability of the disease-free stage is concerned, we will show that the stability
condition for disease-free stage is agree with the below epidemic threshold derived
from the basic reproduction number.

This thesis is organized as follows. In Chapter 2, we give some important
basic knowledge about an SIR epidemic model, a gravity model of population
movement and the next generation method which is the method for computing



the basic reproduction number. We note that some theoretical background will be
given in appendix. In Chapter 3, we discuss the results from [2] and formulation of
a new explicitly SIR epidemic model under which a population travel is subject to
the gravity law. We remark also that analysis under the new model has technically
advantage over the previous model [2] since it can get rid of a weak constraint.
In Chapter 4, we analyze the new model given in Chapter 3 for two patches and
three patches. We determine the conditions for the stability of the disease-free
equilibrium and derive the threshold condition in terms of travel on the basic
reproduction number. The method used for two patch analysis is employed from
previous work [33]. In Chapter 5, we give the numerical simulations to verify our

hypotheses given in Chapter 4. Finally, conclusion and discussion will be given in
Chapter 6.



Chapter 2

Theoretical Background

In this chapter, we briefly review a nonspatial SIR epidemic model and a
gravity model of population movement. Also, the method for computing the basic
reproduction number will be given.

2.1 Nonspatial SIR epidemic model

A basic SIR epidemic model [10] is the deterministic compartmental model
for the disease transmission. It composes of three compartments such as S-
compartment, [-compartment and R-compartment. The variables S(t), I(t) and
R(t) denote the number of susceptible, infectious and recovered individuals at time
t. A basic SIR model with the standard incidence is given by the following system
of ordinary differential equations:

s BSI

2 —yN— LA 2.1
o BN S e (2.1)
dI  BSI

T ) 2.2
A 2 (2.2)
dR

“ =4I —uR. 2.
o = =ph (2.3)

Here N(t) = S(t) + I(t) + R(t) is the number of total population at time ¢t. The
model parameters are described as follows: p denotes the birth rate and natural
death rate, whereas [ is an average number of effective contacts of an infectious
individual per unit time (effective contact rate) and + is the recovery rate. Note
that it is assumed that all parameters are positive constants. The total population
size is constant since

dN dS dI ~dR

a At d @

In this model, it is assumed to be homogeneous mixing, i.e. each individual

have the same probability to encounter another individual. Since (3 is the effective
contact rate of an infectious individual and a fraction % is a proportion to contact
susceptible individuals by one infected individual, the rate of new infections per

infection is % Thus the number of new infections per unit time is % In other

(2.4)

5



words, the rate that susceptible individuals encounter infectious individuals and
become infected is equal to % This incidence is called the standard incidence.

Definition 2.1. A disease-free equilibrium is a steady state solution of an epidemic
model at which the number of individuals in all disease stages are zero.

We first find a disease-free equilibrium of an SIR epidemic models.

Example 2.2. Consider an SIR model given by system (2.1)-(2.3). Setting the
RHS of the system (2.1)-(2.3) to be equal to zero and let I(t) = 0. Then it is
obvious that R(t) = 0 which implies S(¢) = N. Thus the disease-free equilibrium
point for this model is (V,0,0).

2.2 Next generation method

The next generation method [9, 11] is the method for computing the basic
reproduction number for which the population is structured.

Definition 2.3. The basic reproduction number denoted by Ry is an expected sec-
ondary infections produced by a primary index case introduced into a completely
susceptible population.

In epidemic models, if Ry < 1, then the disease cannot invade the popu-
lation. On the other hand, if Ry > 1, then the disease can invade a susceptible
population.

Consider the compartmental models for disease transmission. A compart-
ment is called a disease compartment if the individuals therein are infected.

Suppose there are p disease compartments and ¢ non-disease compartments.
Let © = (21, ...,2,) € R? be the subpopulations in each of disease compartments
and y = (y1,...,y;) € R? be the subpopulations in each of non-disease compart-
ments. Let F; be the rate of appearance of new infections in the i-th disease
compartment and V; be the rate of transfer of individuals (disease progression,
death and recovery rates) in the i-th disease compartment. Then the compart-
mental model can be written in the following form:

dlEZ’ .
R —View). =L 25)
dy; .

where g; is the rate of transfer of individuals in the j-th non-disease compartment.
By the linearization of (2.5) about the disease-free equilibrium (0, yo) with
the assumptions given in [9], we have a linearized system

dx
= (F—
7 ( V)x
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oV
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where F' = [ (O,yo)} and V = [ (O,yg)} are the p x p matrices for all

1,7 =1,...,p.

Following Diekmann and Heesterbeek [11], the matrix K = FV~! is re-
ferred to as the next generation matriz for the system at the disease-free equilib-
rium.

Suppose that K = [k;;]. The element k;; means the expected number of
secondary infections in compartment ¢ produced by individuals initially in com-
partment j, during its entire period of infectiousness. Let ¢ = (¢4, ..., ¢,) be the
vector describing the infecteds, that is, ¢; is the number of infected individuals in
compartment 4. In deterministic description we can then say that, if ¢° describes
the initial distribution of infecteds, the vector describing the first generation reads

p
& =) ki,
=1

and then
(bl - K¢O
Continuing in this manner we get the n-th generation of infected as
PL=Ko"v=u = Ko™

By using the average per-generation multiplication factor in the long run,

Ry can be defined as

: - ¢ _
Ry = lim [|K"[* = p(k) = p(FV ) 2.7
where || - || is any matrix norm and p(-) is the spectral radius of a square matrix.

The next example will demonstrate how to derive Ry using the next gen-
eration method.

Example 2.4. Consider an SIR model given by system (2.1)-(2.3). By Example
2.2, the disease-free equilibrium of this model is (S*, I*, R*) = (N, 0,0) where N is
the total population size(constant). From (2.1)-(2.3), we have the 1 x 1 matrices

[}}}:[%}and (Vi]=[(+I].

Then
F:{BS }—[ﬁ}andv—[u+7]
N
which are 1 x 1 matrices. Thus, the next generation matrix is F'V ! = % ] .
K+
Hence, the basic reproduction number for an SIR model given by (2.1)-(2.3) is
- s
Ro=p(FV!) = ——. 2.8
o= PV = = 25)

We remark that although the next generation method is suitable for struc-
tured population, above example showed that it also works well for simple model.



2.3 Gravity model of population movement

According to a generalized gravity model [1, 12], the rate that population of
patch ¢ moves to patch j is increased with the population size of coupled patches
and decreased with the distance between patch ¢ and patch j. That is, it is
proportional to

N]T2 N,Z—l
DY,
where N; is the population size of patch ¢, D;; is the distance between patch ¢ and
patch j, and 7, 7, 6 are positive parameters. Thus, we have a metapopulation
model with n patches of the form

(2.9)

dN; & NENIY IEs) - NN

' lc gt
7 —;wo ij ;wo Diej ,t=1,...,n (2.10)
JFi J#i

where wy is a proportionality constant. The parameter 7 and 75 indicate the
dependency of travel on the donor and recipient population sizes, respectively,
whereas 6 quantifies how the travel rate decays with the distance.



Chapter 3

Model Formulation

In this chapter, we formulate an explicitly spatial SIR epidemic metapop-
ulation model with a nonlinear travel subjected to the gravity law. The model
used in this study is modified from that proposed in previous study [2]. The mod-
ification is due to the presence of a weak constraint. In order to be clear, we will
begin the first part by reviewing the result from previous work.

Let us assume that the population travel subjected to the gravity law of
movement and a population is divided into n distinct patches. For the transmission
of a communicable disease among n patches the number of susceptible, infectious
and recovered individuals in patch ¢ at time ¢ are denoted by S;(t), I;(t) and
R;(t), respectively. According to the gravity law of movement in section 2.3,
we have the rate that population of patch ¢ moves to patch j depends on the
patch size and distance between patches. S. Puangsun and K. Patanarapeelert [2]
assumed that the trip originating for each disease compartment is proportional
to the number of individuals in that compartment. This results in the rate that
susceptible, infectious and recovered individuals move from patch ¢ to patch j are

. 28T N2 N2R . . . .
proportional to —5—, —&5— and —5"—, respectively. Since the spatial coupling is
(%) (%) ij

explicitly determined, the contact occurs only within patch which is assumed to be
homogeneous mixing. The heterogeneity of contact is the result from mixing that
govern by the transport operator. An SIR epidemic model with n patches under
the gravity law of movement proposed by S. Puangsun and K. Patanarapeelert [2]
is given by

dSZ /BZS ]— n NT2 STI n NTQ STI

dt _,uzNz ,Uz % Zwo D9 Zwo D9 (31)
g o

dl;  B:S:1; - NI " NPT

T — pil; — il —i—;wo D7) Zwo D (3.2)

J#i J?él
dRZ n NT2 R7'1 n NTQ RTl
=il = Ry +Zw0 b7 Zwo b7 (3.3)
J?ﬁi jyéz

with i =1, ...,n. Here N;(t) = S;(t)+1;(t)+ R;(t) is the number of total population

9
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in patch ¢ at time ¢ and wy is a proportionality constant. The model parameters
are described as follows: p; denotes the birth rate and natural death rate in patch
1, whereas [3; is an average number of effective contacts of infectious individual
per unit time within patch ¢ and ; is the recovery rate in patch ¢. The total
population size, denoted by N is constant since

déj C‘;(Z ) Z ( ‘Z dg")zo. (3.4)

In previous work, they focus on analyzing the model given by system (3.1)-
(3.3) for n = 2, that is

dSl 5151[1

= Ny — 151 — —NTQST1 — —NTZS’T1 3.5
GO Ak Ny U di2 di2 (3:5)
ng B2.Sa15

— N _ _NT2 T _NT2 T .
a N TS - d12 1 = g o (3.6)
dli  piSih
— = — pdy =yl NTQIT1 — —NTQIT1 3.7
T VRN 't dis dis (3.7)
dly (2515 — —

G Ny pola —vols+ d_NQ I — d_Nl 1 (3.8)
de _ 71]1 ,UlRl + *‘NTQRTl , » _NTgRﬁ (39)
dt d12 di2

dR,

= yoly — NT2 = —NT2 o 1
o 2fe 1o R + — s Ry 9 Ry (3.10)

where d;; = ij. For this model, the disease-free equilibrium is denoted by

(Sy,85, 17, I3, Ry, Ry) with I = I; = 0. Setting all infected variables equal to
zero at steady state, it is easy to see that R} = R5 = 0 from equations (3.9)-
(3.10). It follows that S; = Ni and S; = NJ where (N}, N5) is an equilibrium
point of the model (2.10) with n = 2. The disease-free equilibrium can be derived
directly from the equilibrium point of the model (2.10) with n = 2. It is easy
to see that there are four disease-free equilibrium points such as (0,0,0,0,0,0),
(N,0,0,0,0,0), (0,N,0,0,0,0) and (§,%,0,0,0,0). Since the first three equilib-
rium points are nothing to do with disease transmission in metapopulation dy-
namics, it is reasonably to focus on stability of the last equilibrium. In order for
the Jacobian matrix for (3.4)-(3.9) at the disease-free equilibrium (£, 2,0,0,0,0)
to exists, it is necessary to assume that 7 > 1 which is a weak constraint since a
parameter travel 7; should be arbitrary.

Define
Ré)i) _ B@
Hi + i

as the basic reproduction number in patch ¢ when there is no travel between
the patches. This parameter describes the transmission potential within patch in
isolation.

In order to derive Ry of the model given by system (3.5)-(3.10), we use the
next generation method in section 2.2. The next generation matrix of this model

(3.11)
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is

b1 0
Fy-l— | m1tm 5
0 2

o + Y2

under a constraint 73 > 1. Hence, the basic reproduction number for model (3.4)-
(3.9) is

_ -1y _ _ (i)
Ro=p(FV) = max T ?1211}2{72 (3.12)

Clearly, the basic reproduction number for this model depends on the basic re-
production number in patch ¢ when there is no travel between the patches. It is
not allow us to understand how the term of travel affects the basic reproduction
number in anyway.

We remark that, for applying the gravity law to this model, travel for each
subpopulation, which is divided by disease states, is considered to depend on a
recipient total population size and a donor subpopulation size. But the gravity law
is increased with the total size of both patches, thus its travel should be depend
on the total population size of both patches.

In this research, we modify an SIR epidemic model with applying the grav-
ity law for the term of travel as the following.

By the gravity law in section 2.3, we observe that if the rate that the

2 71

population of patch ¢ moves to patch j is proportional to ij;V then the rate

that an individual of patch 7 moves to patch j must proportlonal to

NPNP !
J (2

| o~ 3.13

This is a key element that leads to the new model. When the population is divided

into three disease-state compartments, we have the rate that susceptible, infec-

tious and recovered individuals move from patch ¢ to patch j are proportional to
N'rz NTl 1S NT2 N7'1 11 NT2 N7'1 1R

D9 , D9 and ——5
ij

that p; = pand ; = v for all ¢ = 1, ..., n since the birth(death) rate for each patch
should be equal in metapopulation and each patch have the same disease. Then
we have a new explicitly SIR model with a gravity travel in a patchy environment

of the form

, respectively. For a new model, it is assumed

das; ﬁiSi[i . NiTQNn_lSj . NgTzNiTl_lsi
=N = SR Y we— e = ) jwe— e (314
7=1 ) 7=1 v
J#i J#
dIZ /st I n NT2 N‘rl 1] n NTQ NT1 1]
3751 ]751
dRZ n NTQNTl lR n NJTZNTl_lRi

J#l JFi
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where ¢ = 1,...,n. We note that the model given by system (3.14)-(3.16) can get
rid of a constraint 71 > 1 and the basic reproduction number of this model de-
pends on the travel term which will be presented in the next chapter. Moreover,
D. Brockmann, V. David and A.M. Gallardo [13] showed that the rate that in-
dividuals of an SIS epidemic model move from a node ¢ to a node j is directly
proportional to C’fo_l with 0 < ¢ <1, where C; and C} are the capacity of the
stationary population size of nodes i and j, respectively. That is, C; = PF for
some positive k and P; is the stationary population size of nodes i. Thus, the rate
that individuals of an SIS epidemic model move between nodes depends on the
(stationary) population size of both nodes and we see that ¢ is referred to as 7
and 7 which correspond to the movement rate of our model.

Next, we will firstly analyze and consider the new model to obtain its
basic properties. The total population size N of the model (3.14)-(3.16) is also
constant since it is satisfied equation (3.4). We assume that the initial conditions
are satisfied S;(0) >0, [;(0) > 0 and R;(0) > 0 for all i = 1,...,n. According to
the proof from [3], it is easy to show that S;(t), I;(t) and R;(t) are nonnegative
for all ¢. For example, if I; becomes zero at a time ¢, before I, S; and R; become
zero for all j =1,...,nand k=1, ...,n with ¢ # k, then

n To ATT1—1
ZwON NG

j=
7751

at a time t;. Thus [; is non-decreasing function of ¢ at t;. Therefore, I; is non-
negative. Similarly, we have S; and R; are nonnegative for all ¢ = 1,...,n. More-
over, provided that N;(t) > 0 for all 4, this model is well-posed since the RHS of
the system (3.14)-(3.16) is continuous and continuously differentiable (see Picard-
Lipschitz fundamental theorem of ordinary differential equations).

Finally, we consider the model given by (3.14)-(3.16) with 7 = 75. Then,
when 7 = 75, we have

AN _dS; I " NENM L NEND
_ —0
@t dt z_;wo DY Zwo DY
J#z J#Z

for all ¢« = 1,...,n which implies that N; is constant for all ©+ = 1,...,n. Thus
we have the rate that individual moves between patches given by (3.13) becomes
constant in this case. Then an SIR model given by (3.14)-(3.16) will be the model
with a linear travel which is not the goal of this research. Hence, throughout this
research we consider the model given by (3.14)-(3.16) with 7, # 7» for studying
an SIR epidemic model with a nonlinear travel under the gravity law.



Chapter 4
Model Analysis

To obtain some useful analytical results, we focus on the simplest network
structure for (3.14)-(3.16). We begin by considering two patch model. The key
feature of analysis is the conditions for which the disease dies out and spreads.
We will derive the disease-free equilibrium and the basic reproduction number for
two patch model. Usually, the stability condition for the disease-free equilibrium
is associated with the basic reproduction number below unity. We will show that
this is true for our case. Since such derived conditions depend on travel rates, we
will examine in terms of the parameters 7 and 75 for the threshold condition of
epidemic. Then, the three patch model will be analyzed analogously.

4.1 Analysis for an epidemic model of two patches

Consider an SIR epidemic model given by (3.14)-(3.16) for n = 2,

dd_? = uNy — Sy — ﬂlfill v, ;U—l(;NfQNzTI_ISQ & %N?Nfl_lsl (4.1)
% = Ny — pSy = ﬁﬁzb s ;”—IZN?NJ”& / ;U—IZNI“‘NE”Sz (4.2)
% = ﬁlffi[l — ply =L+ ;U—lsz"’NQ“_llz - ;U—lszNfl_lfl (4.3)
% = %ﬁb — ply — Iy + ;U—IZN{"N{”A - ;U—IZNPN?% (44)
= h = R+ SUNPND TR, - SN AT R (15)
% =yl — Ry + ;”—IZN?N{”Rl - ;U—IZNFNJ”& (4.6)

with d;; = ij and since the distance between two patches is constant, we have
diy = da1.

Let us begin by finding a disease-free equilibrium which is denoted by
(St, 55, 17, I3, Ry, Ry) with IT = I = 0. Setting the right-hand side of the system
(4.1)-(4.6) equal to zero with I} = I, = 0, we have a following system of algebraic

13
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equations for ST, S5, R} and Rj,

pNT = i+ NN NS - NGNS = (4.7)
12 12

UN; — Sy + LNty - B0 e emsgs g (4.8)

dlz d

_,URT N*TQN*T1 1R* N*TQN*Tl 1R* -0 (49)
dio dy2

— Ry + d—N;T?NfTHR; - d—N;‘TZ’N;THR; =0 (4.10)
12 12

where N/ is the total population of patch 7 at a disease-free state. From equations
(4.9) and (4.10), we have u(R; + R3) = 0. Since p is positive and the number of
individuals must be nonnegative, R} = Rj = 0. It implies that S = N;* for all
i = 1,2. Thus equations (4.7) and (4.8) becomes

B0 ppme g O e — g (4.11)
d12 dl?
KT NTHT. Wo o rsro st
20 NpmNEm = L0 NEm AT = ) (4.12)
d12 d12

So, we are dealing with the steady state for the population model (2.10) with
n = 2. Hence, the disease-free equilibrium can be derived directly from the equi-
librium point of the model (2.10) with n = 2. Consequently, we see that there
are four disease-free equilibrium points such as (0,0,0,0,0,0), (N,0,0,0,0,0),
(0,N,0,0,0,0) and (5, %,0,0,0,0).

Since the first three disease-free equilibrium points are not relevant in the
context of disease transmission in metapopulation dynamics, we focus on stability
of the last disease-free equilibrium point (g , ];[ ,0,0,0,0). The following theorem
gives the conditions for stability of the disease-free equilibrium point which de-
pends on travel parameters and the basic reproduction number of both patches in
which there is no travel between patches.

Theorem 4.1. A disease-free equilibrium (g, ];7,0 0,0, O) of a model given by

(4.1)-(4.6) is locally asymptotically stable if 7o < 71 and Ry < 1 for alli € {1,2}.

Proof. Note that the disease-free equilibrium is locally asymptotically stable if
all eigenvalues of the Jacobian matrix for system (4.1)-(4.6) at the disease-free
equilibrium (£, 2,0,0,0,0) have negative real parts. The Jacobian matrix for

PREDE
system (4.1)-(4.6) at the disease-free equilibrium (5, 5,0,0,0,0) is given by
A B C
JS=10 X O
oY 7

where A, B, C', X, Y and Z are 2 x 2 matrices defined by

9

A = 2(7’2-7’1)777/ 0 B— u—ﬁ1+cm —m
N 0 20 —m)m |7 -m [ — Po +cm
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O — pLw+cm  —m _ br—pu—vy—m m
-m  p+cm |’ m Bo—p—~vy—m |’
Y:[’Vo}andzzl_“_m " ]
0 ~v m —pu—m
with [N
_ ﬂ(_>“ " 413
m=2(3)" (4.13)

¢ =21—271+1 and O is a 2 X 2 zero matrix (see Appendix for detailed derivation).
The eigenvalues of J* compose of the eigenvalues of A, the eigenvalues of X and
the eigenvalues of Z, respectively.

First, we will consider the eigenvalues of Z. The characteristic equation in
variable A for 7 is

0=det(Z — X)) = N+ 2(u+m)X + p?® + 2um.

So, two eigenvalues of Z are

—2(p + m) £ /4(p +m)? — 4(u2 + 2um)

Mo = 5

= —(p+m)Ltm.

That is, \;y = —p and Ay = —p — 2m which are real and are always negative.
Hence, the local stability of the disease-free equilibrium depends on the eigenvalues
of both A and X. It is easy to see that two eigenvalues of A are

/\374 = 2(7'2 = Tl)m.

which are real. Thus, it is seen that A3 and A4 are negative if m, < 7. Next, we
consider the eigenvalues of X and begin by letting a = f1—p—~yand b = o —p—=.
The characteristic equation in variable A for X is

0 =det(X — M) = (a—m— \)(b—m~—\) —m?
=\ —(a+b=2m)\+ab— (a +b)m.

Thus, the two eigenvalues of X are

(a+b—2m)++/(a+b—2m)2—4ab+4(a +b)m

/\5,6 = 9

Since

(a+b—2m)* — 4ab + 4(a + b)m
= (a+0b)* —4(a+b)m + 4m* — dab + 4(a + b)m
= (a—b)* + 4m?
= (61 — B2)* + 4m”

which is always positive, we have A5 and \g are real. Next, we consider the sign
of eigenvalues A5 and Ag provided the conditions a < 0 and b < 0.
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If we assume that ¢ < 0 and b < 0, then we have (a + b)m < ab and
2m —a — b > 0. It follows that

4(a+b)m —4ab < 0
(a+b—2m)* +4(a+bym — 4ab < (2m — a — b)*.

Since (a + b — 2m)? + 4(a + b)m — 4ab > 0 and 2m — a — b > 0, we have

Vi(a+b—2m)2 +4(a+bym —4ab < 2m —a—b

which implies that A5 is negative. And we also have A4 is negative since

a+b—2m <+/(a+b—2m)? — dab+ 4(a + b)m.

Therefore, if a < 0 and b < 0, then A5 and \g are negative. Since a < 0 and b < 0
if and only if R{’ < 1 and R{’ < 1, respectively, we have A5 and \g are negative
if Ry’ <1and Ry < 1.

In sum, if » < 7, Ry’ < 1 and Ry < 1, then all eigenvalues of the
Jacobian matrix J* have negative real parts which implies that the disease-free
equilibrium (%, %, 0,0,0,0) is locally asymptotically stable. ]

We remark that, in the absence of the disease, the system (4.1)-(4.6) reduces
to the model (2.10) for n = 2. For this model, it can be verified that a nontrivial
equilibrium point, i.e., (%, %) is stable if 75 < 71 and unstable if 7, > 7. The
stability condition for pure mobility model implies that the degree of recipient
population must be lower than the degree of donor population in order to maintain
the two patch sizes in balance, otherwise, the extinction may be observed.

In order to derive the basic reproduction number for two patches, we use the
next generation method given in section 2.2. Here, the last disease-free equilibrium
point is considered. From system (4.1)-(4.6), infected variables are I; and I, we
then have

6151[1
‘Ffl ) ¢ Ny
Fi, B2Sa 1y
N
and Wo To ATT1—1 Wo To ATT1—1
Vi, uly + I — O NP N LN N,
d12 d12

Therefore, we have matrices F' and V' defined in section 2.2. at the disease-free
equilibrium (S}, S5, I7, I3, R, R}) as follows
BLST(NT — 1)
N;?
0

0

B255(Ny — 15)
Nj?

andV:[Vl Vg]
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where
pt = N NG SR (NN (= DNGEN )
V. d12 d12
1 pu—
(NN 4 (= DNV L) 4 NN
d12 d12
and
<N*72N*T1 1 + (7_1 o ].)meNng_zI;) + ﬁTzNQ*TQ_leTl_IIT
d12 d12
Vo =
Ay — _7_ N*T2 lN*n 1I* Wo <N1*72N2*‘r171 + (7_1 _ 1)N;<7'2N2*T172I;>
d12 d12
Hence, at the disease-free equilibrium (g , g ,0,0,0,0) we obtain
pr 0 pw+y+m —m
{0 o —m w4y +m

with m is defined by (4.13). According to the next generation method, we define
Ro = p(FV™). Since det V- = (u + v+ m)> = m? = (u+7)(p+ v +2m) >0,V
is nonsingular matrix. Then the next generation matrix for this model is

Lty +m m

ol | B 0] ()t =+ 2m) (p+7) (e 4y + 2m)
L 0 6 m [+ +m

(Lt +v+2m)  (p+7)(p+7v+2m)

Bi(p+ v+ m) Bim

_ (1Y) (e +y+2m)  (p+y)(p+7 + 2m) | (4.15)

[am BalfL+~ +m)
L () Fy+2m) () (w+ e+ 2m)

(4.14)

The characteristic equation in variable X for the next generation matrix FV ! is

(L +7) (45 +2m)A* — (By + B2) (4 v +m)A + B1B2 = 0

which comes from the equation det(FV~! — XI) = 0. Thus we obtain two eigen-
values of FV 1,

(&+ﬂﬂw+7+mﬁtJwrwﬁ%u+v+mﬁ—MMMM+WW+7+%M_

)\ P—
- 201+ 7) (£ 7 + 2m)

Since

(Br+ B2)* (1 + v +m)* — 481 B (4 ) (1 + v + 2m)
= (87 426162 + B3) (1 + v + m)* — 461 Ba[( + v +m)? — m?)]
= (81— B2)’(u+ 7 +m)® + 4B Bm*,
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A+ are real. Therefore,

Ro=p(FV1) =\,

(B1+ B2) (47 +m) + /(b1 — B2)* (1 + 7 + m)? + 451 fam?
2(p + ) (e + 7 +2m)

which is the basic reproduction number for two patches. It describes the average of
secondary infection given by an index case who is introduced into the completely
susceptible population of two patches. As far as the value of all parameters are
known, we will obtain directly the basic reproduction number for describing the
spread of the disease from above expression.

For a 2x 2 matrix A with tr(A) > 0 and tr(A)*—4 det(A) > 0, the following
lemma gives the conditions for which the spectral radius of a matrix A is less than
one.

Lemma 4.2. Let A be a 2 x 2 matriz. If tr(A) > 0 and tr(A)? — 4det(A) > 0,
then p(A) < 1 if and only if tr(A) < 2 and tr(A) — det(A) < 1.

Proof. Suppose that A is a 2 x 2 matrix with ¢r(A) >0 and ¢r(A)? —4det(A) > 0.
The characteristic equation in variable A of A is A* =7\ + 6 = 0 where 7 = tr(A)
and 6 = det(A). Thus eigenvalues of A are

7+ 2 —db

Ay = 5

Since 72 — 46 > 0, all eigenvalues are real. So

XY peN

p(A) = 5

Then we have

p(A) <17+ V72 —45 <2
VT <27
1P —45<(2—7)’and T < 2
— —0<l—7and 7 <2
+—T17—0<land 7T <2

which completes the proof. ]

We now rewrite the matrix F'V ! given by (4.15) as

(4.16)

R(UE R<1)17
-1 __ 0 0
= [Réf)n Rge
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where vt
oty +2m
and m
S 4.18
' i+ +2m ( )

Since p, v and m are positive, it is easy to see that 0 < e < 1,0 < n < 1 and
¢ +n = 1. In particular, 0.5 < e. Note that by (4.16) we have tr(FV ™) =
R +RP)e > 0 and

(Ro 0

det(FV 1) = RORE (2 — n?)
=R¢'RG (¢ = n)(e +1n)
= RiRY (6 = ).

Furthermore, we have

tr(FV1)?2 —4ddet(FV™!) = (R + R)*€ —4ARY RS (e — n)
(B + B2)*(u + v +m)* — 481 8o (i + ) (1 + 7 + 2m)
(472 (1 + v +2m)?

>0

which corresponds to the assumption of Lemma 4.2. Hence, we can apply Lemma
4.2 to the matrix FV 1

The three following theorems describe the criterion for the disease can
invade or cannot invade the population for two patches by applying Lemma 4.2.
The first theorem shows that if the disease cannot invade the population in both
patches in which there is no travel between patches, then the disease also cannot
invade the population although there is travelling between patches.

Theorem 4.3. For the model given by a system (4.1)-(4.6), if Ry < 1 for all
i €{1,2}, then Ry < 1.

Proof. Assume that R’ < 1 and R’ < 1. From the bound of € which is defined
by (4.17), we have tr(FV~1) = (R’ + Ry )e < RS + Ry < 2. Therefore, by
Lemma 4.2, it suffices to show that 1 — tr(FV ') + det(FV ') > 0. Consider

L—tr(FV ) +det(FV ) =1 (RY + RY)e + RERE (e — 1)

=1— (R + Ry )e+ Ry Ry (26 — 1)

which is a function of ¢, denoted by f(e). Then we have f(0.5) = 1 — (R{’ +
RyY)(0.5) >0and f(1) =1— (R +RY) +RIRY = (1 -R)(1-RY) > 0.
That is, f is linear function with f(0.5) > 0 and f(1) > 0 . It implies that f is a
positive function for all 0.5 < ¢ < 1. That is, 1 — tr(FV ') + det(FV~!) > 0. By
Lemma 4.2, we have Rg = p(FV ') < 1 which completes the proof. O
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On the other hand, the following theorem shows that if the disease can
invade a susceptible in both patches in which there is no travel between patches,
then the disease also can invade a susceptible although there is travelling between
patches.

Theorem 4.4. For the model given by a system (4.1)-(4.6), if Ry > 1 for all
i€ {1,2}, then Ry > 1.

Proof. Assume that R’ > 1 and R{’ > 1. By Lemma 4.2, we have
tr(FV Y >2o0r tr(FV™') —det(FV ') > 1 — p(FV ') > 1.
By the first condition, it implies directly that Ry > 1 if € > ¢ where

0 2

Next, we use the second condition to show that Ry > 1 for some interval
of e. Recall the function f which is defined in the proof of Theorem 4.3, we have
f(05) =1— (R +RP)(0.5) < 0and f(1) = (1 —RY)(1 —RY) > 0. By the
linearity of a function f, we have f is an increasing function for all 0.5 < e < 1
with f(0.5) < 0 and f(1) > 0. Thus there exist a unique point ¢* € (0.5,1) such
that f(e*) = 0. By calculating, we obtain

. RORD —1
€ = .
1)1 (2) 1) (2)
ARORE/ZREY LIRS

(4.20)

It follows that f is a negative function on € < ¢*. That is, tr(FV 1) —det(FV 1) >
1 if € < €*. Therefore, Ry > 1 if € < €*.

Next, we will show that €* > €*. From the fact that (R}’ — 1) > 0 and
Ry >0 for all i = 1,2, we have

(RQ)? = 2RY + RS > 0 and ((RE)2=2RY +1)RY > 0.

. Ry (RF)?+1) > 2RPRY and Ry ((RY))* +1) > 2RY'RS.
It follows that
Ro (RG24 1) + RG((RG))? +1) > 2RGRE + 2Ry R
(RYRE +1)(RY +RY) > ARYRY
(RERE = (R +R) > ARPREY — 2ARE +RY)
In particular, Ry’ > 1 and R’ > 1, we have 2R{’R{ — R’ — R{’ > 0. Thus

Ry'Ry —1 2
RORY —RY —RY ~ RO+ RY

That is, € > €°, as required. Hence, Ry > 1 for all 0.5 < € < 1. O
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The next theorem gives the conditions that the disease can or cannot invade
the population for the model that have an epidemic patch and a nonepidemic patch
when there is no travel between patches.

Theorem 4.5. For a model given by a system (4.1)-(4.6) with Ry < 1 and
RY > 1 for somei,j € {1,2} and i # j. Suppose that R’ + RS < 2. Then

(i). Ro<1life<e*
(). Ro>1ife> €
where € and €* are defined by (4.17) and (4.20), respectively.

Proof. Without loss of generality, we assume that R{’ < 1 and R > 1 with
Ry + RS < 2. From the bound of € defined by (4.17), we obtain

tr(FV 1) = (RY + R e < RY + RS < 2.
Thus, by applying Lemma 4.2, we have that
Ro<1+—1— (R +R)e+RPRE (2¢ —1) > 0.

Recall the function f which is defined in the proof of Theorem 4.3, we have
f(0.5) =1— (R +RF)0.5) > 0 and f(1) = (1 -R{")(1-RY) < 0. Therefore,
f is a linear function of € with f(0.5) > 0 and f(1) < 0. Thus f is a decreasing
function with respect to e. It follows that f is a positive function on € < €* where €*
is defined by (4.20) with f(€*) = 0. Thatis, 1 = (R’ + R e+ RVRE (2¢—1) > 0
if € < €*. Hence, Ry < 1 if € < €. Conversely, f is a negative function on € > €*
which implies that 1 — (RS’ +R§ e+ Ry Ry (26 —1) < 0 if € > €*. Consequently,
Ro > 1if e > €. O

We remark that if R’ < 1 and Ry’ > 1 with R’ + R§ > 2, then
f(0.5) < 0 and f(1) < 0. By the linearity of a function f, we have f is a
negative function for all 0.5 < e < 1 which implies that 1 — tr(A) + det(A) =
1— (R +RE)e+RYRY (26 —1) < 0 for all 0.5 < € < 1. Thus, by Lemma 4.2,
we have Ry > 1 for all 0.5 < e < 1.

In Theorem 4.5, we have the condition for which the disease spread de-
pending on the parameter e. When we expand the parameter €, we see that the
spread of the disease depends on the parameters m which is the term of travel pa-
rameters 7, and 7;. Thus, in this case, the travel subject to the gravity law affects
the spread of the disease, whereas it does not affect the spread of the disease in
case of Theorem 4.3 and Theorem 4.4.

Next, we derive the equilibrium point of the model at which the number
of infectious individual is not equal to zero, this is called an endemic equilibrium
point.
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Let (gl, Sg, fl, fg, Ry, ]%2) with I, > 0 or I, > 0 be an endemic equilibrium
point of the model given by (4.1)-(4.6) and let N; = S; 4+ I; + R; be the total pop-
ulation number of patch i at an endemic state. We have that (]\71, ]\72) is an equi-
librium point of the population model (2.10) with n = 2. Thus (Ny, Ny) = (¥, &)

2772
which is a unique positive equilibrium point of the population model. Therefore,
5 N . 5 5 N . .
51:5—[1—R1 and 52:5_]2_R2.

For deriving I, 1, fg, Ry and }%2, we can solve from the following system,
26051, . - A .
%€1—uh—yh+mh—mh:0 (4.21)
28585l -+ - A A
B2N2 E- /L[Q =2 ’}/[2 + m[1 - mfg =0 (422)
'yfl - uﬁl + mRz — m]%l =0 (4.23)
’}/fg 7 ,U/RAQ + le - még =0 (424)

with m is defined by (4.13). From equations (4.23) and (4.24), we have

. I R ) I. R
R1:71+m2 and R2:72+m1
w+m n+m

?

respectively. By eliminating variables Ry and R, in the RHS, we obtain

7j1+m<w> i L
By = w+m :7m+mh+wm+mR1
p+m (k+m)?
and ] B
7f2+m(w> . S
By — ptm ) At m)ly 4 myl +m Ry

fr+m (1 +m)?
which implies that

P v+ m)f1 +myl
.
(i m) —m?
and N R
A Y+ m)ly +myl

R:
T e

NOW, we have both Rl and ]%2 are expressed in terms of I 1 and fg. Next, we derive
I and I5. From (4.21), we have

2 N - A\ o R R
Nﬁl(;—11—R1)]1—(u+v+m)ll+m1220

~ ~9 ~ A~ ~ ~
ﬁlel — 261[1 - 2ﬁ1R1[1 - (,u—l—’y—}—m)N[l +mN[2 =0

(4 m)I; +mryl,
() —

~ ~9 ~ ~ ~
Blel_Qﬁljl —2ﬂ1(fy )[1—(u+’y+m)N[1+mN[2:O
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Simplifying the last equation and letting k = (u +m)? — m?, we have
o ~92 ~ ~
k(By —pu—~y—m)NIy =251 (k +~yu+my)ly = (26imvyl; — kmN) L.
In the same argument, from (4.22), we have
L2

k(By —pu—~y— m)NfQ —2B9(k +yu+my)ly, = (2/82m7f2 - kmN)fl.

We remark that fl = 0 if and only if fg = 0. Thus, fl > 0 and fg > 0 at an

endemic state. Next, we can distinguish four cases as follows.

EN EN

CaseI. [, = — and I, = ———. Observe that I; = occurs when
" ! 281y ? 2By ' 2B17y
Br==+2u+m)+vyand [, = occurs when fy = — +2(p+m) +7. It
gl 2027 | ¥

follows that 81 = 5 which implies that I; = L.

. kN A kN
Case Il. Iy = —— and I, #

. We can derive I, from a quadratic
201y 202 ’

equation

~ 9 m ~ k:QmNQ
2Bo(k + v + my) Ly +k:N(ﬁ2——62+u+v+m)I2— =0
o)1 281y
Note that this quadratic equation has only one positive real root since the last
term is negative.

. kN . kN ~
Case IIlI. I; # ——— and I, = ——. We can derive [; from a quadratic
) 26817 282y
equation
R R k2 N2
251(k+w+m’7)112+kN(M—B1+u+7+m)11— T
B2 28y

On the same note in previous case, this quadratic equation has only one positive
real root since the last term is negative.

. kN - kN
IV. I 1
Case IV. [, # TS and Iy # 2

~ ~ 2
i, = MO —p =y = mINL =261 (k + e+ my)
251m7f1 — kmN

. We have

(4.25)

and
2

i k(Be —p—~ — m)Nfg — 2B9(k + v + my)fg
252m7[2 — kmN

. (4.26)

After substituting I, given by equation (4.25) into equation (4.26), we can obtain
I; from a cubic equation

~3 ~2 ~
Cg[l +C2]1 —|—01[1 +cop = 0

where ¢y, ¢, ¢o and c3 are coefficients. We will not expand the coefficients due
to the complexity. Hence, we can derive the endemic equilibrium point for this
model.
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4.2 Analysis for an epidemic model of three patches

In this section, we consider an SIR epidemic model given by (3.14)-(3.16)
for n = 3. The three patches model is given by

% = pNy — pS1 — 51;?;1[1 + ma1 Sz + m3153 — M12S1 — M35 (4.27)
% = uNg — (1S9 — ﬁfé]z + M12S1 + M3aS3 — Ma1Sz — Ma3Sa (4.28)
dd—% = uNs — (153 — 53;32[3 + m13S1 + MaogSy — Ma153 — M32.53 (4.29)
% = ﬁlifi]l — ply — Iy + mar Iy + mai I3 — magly — mazh (4.30)
% = %212 — ply =yl + migly + mgals — marly — masls (4.31)
% = %:;Ig — pds — I3 + magly + maogly — mgi I3 — mgals (4.32)
dR,y

— = v — pRy + mg Ry + mai Ry — mip Ry — mizRy (4.33)
% = vly — pRy +mpp Ry + Mz Ry — mg Ry — mo3 Ry (4.34)
% = I3 — puR3 + mizRy + mag Ry — ma Ry — m3aR3 (4.35)

where mlj(t) = %Nj(t)UNi(t)Tl*l with Nz = S@ -+ IZ -+ Rl and Nj = Sj -+ [j —+ Rj.
ij
First, we will determine the disease-free equilibrium (S5, S5, S5, I7, I3, I3,
Ry, Ry, RY) with If = I3 = I5 = 0 of the presented model. Setting the right-hand
side of the system (4.27)-(4.35) equal to zero with Iy = I, = I3 = 0, we can derive
ST, S5, S5, Ry, Ry and R by solving the following system

N — Sy + Mgy Sy +mgy S5 — my, Sy — miSy =0 (4.36)

pNy — S35 + mip ST+ My Sg — M5y 55 — magS; = 0 (4.37)

Ny — puSy 4 mygSy + my3Sy — my) Sg — M Sy = 0 (4.38)

—pRy +ma Ry +ma Ry — mi, Ry —misRy = 0 (4.39)

—plty + mip Ry + may Ry — myy Ry — maz Ry = 0 (4.40)

— Ry +myg Ry + mag Ry — mg Ry —ma Ry = 0 (4.41)

where m;; = %NJ*TQN:T“I with NNV is the total population number of patch

ij

i at a disease-free state. Summing equations (4.39), (4.40) and (4.41), we have
u(Ri+R3+R3) = 0. By the same reasons with two patches model, y is positive and
the number of individuals must be nonnegative, we then have R} = R; = R = 0.

It implies that S; = N for all i € {1,2,3}. Then equations (4.36), (4.37) and
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(4.38) become

* * * * * * * *
my Ny +mg Ny — mip Ny —migNy =0
* * * * * * * *
misNT + mza Ny —my Ny —mog Ny =0

* * * * * * * *
migNy + mogNy — ma Ny — mgy Ny = 0.

We observe that (N7, N5, N3) is an equilibrium point of the model (2.10)
with n = 3, that is

dNy  wy Wo Wo Wo

£ DO NeNg 4 2o Ne Ny - 2NN - DO N Ny 4.42
dt d12 1 2 d13 1 3 de 2 1 d13 3 1 ( )

dNy Wy W Wo Wo

2 _ JONEND + SUNEND - SONPN - SO NP NG 4.43
dt d12 2 1 d23 2 3 d]_g 1 2 d23 3 2 ( )

ng Wo Wo Wo Wy

— = —NI2N"T+ —NI2N' — —N2N3' — —N2N;* 4.44
dt d13 3 1 d23 3 2 d13 1 3 d23 2 3 ( )

with the constant total population N. Thus the equilibrium point (N7, N3, NJ)
must satisfy with following equations

20 e N4 B0 N = B0 e e B0 e e (4.45)
d12 d13 d12 d13
20 Ny Ny 4 SUNGT N2 120 T g 20 e (4.46)
dl? d23 dl? d23
20 Nxm N 4 Lo = B0 e B0 s s (4.47)
d13 d23 d13 d23

Obviously, the trivial equilibrium point is (0,0,0). For the boundary equilibrium
point such that only one patch has zero population, for example, if N; = 0, then
we will derive (N3, Ny) from equations

Wo Wo

d N2*T2N§<T1 = d N§T2N§Tl
23 23
Wo Wo
— NP NG = 2NN
das das

It is clear that we retrieve the steady state of the model of two patches. It follows
that the boundary equilibrium points of three patches model are (0, IV, 0), (0,0, N)
and (0, %, %) Hence, all equilibrium point of three patches model are (0,0,0),
(0,N,0), (0,0,N), (N,0,0), (0,F,5), (§.0,5), (5,%,0) and (N7, N3, N3) with
N >0 for all i € {1,2,3}. The last point is referred to as a positive equilibrium
point.

In the following theorem, we show that the model has a unique positive
equilibrium point, in particular, we find (N7, N3, N3) = (§. 5. §)-
Theorem 4.6. For the population model given by (2.10) with n = 3, if N; > 0
for all i € {1,2,3}, then there exists a unique equilibrium point. Moreover, this

equilibrium point 1s (%, %, %)
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Proof. Consider the model given by (4.42)-(4.44) which is the population model
given by (2.10) with n = 3. Since the total population number N is constant, we
can consider this model from equations (4.42) and (4.43) with N3(t) = N—Ny(t)—
Ny(t). Assume that Ny(t) > 0, No(t) > 0 and N5(t) > 0 for all t. Let (N}, N3, N5)
be the positive equilibrium point of this model. It is clear that (N, N5, N3) satisfy
the system (4.45)-(4.46) with Nj = N — N; — N;. Rewrite the system as following

N*n N*Tl N*T2 N*T2
N> —2— + L) = N (L + L) 4.48
! ( dia di3 ! dia dis ( )
N*Tl N*Tl N*TQ N*TQ
N*TQ 1 + 3 > — N*ﬂ( 1 + 3 > 449
2 ( d12 d23 2 d12 d23 ( )
C 1
Multiplying (4.48) by W, we have
1 N* T1 1 N* T1 1 N* T2 1 N* T2
wl) ta(h) cm) e @) e
d12 N1 d13 N1 d12 N1 d13 N1
Multiplying (4 49) b ; h
ultiplyin . ———— we have
plymg Yy N2*T1+72’
1 N* T1 1 N* T1 1 N* T2 1 N* T2
ww) tals) maG) o @) e
d12 N2 d23 N2 d12 N2 d23 NQ
Ny Ny N
Let p = N}’ q= Njf and r = Nj:" they are satisfied pgr = 1. We will show that

p = q = r = 1 which implies that N7 = N3 = Nj. From equation (4.50), we can
write

Lpria —(pg) "= —p "+ L(pq) b
d12 d13 dl d13
S LR
d12 d13 d12 d13
1 I 12
P + P T1 1 _|_ T1
n-r _ 12 dis _ dis
g L + Lq*ﬁ 14 224
diz  diz d13
By assumption, we remark tléat T — T # 0.
1+ d_u -1 B
We then let A = d13 for convenience. Therefore, p™ = A7-72 and
14+ 24
di3

T2
P2 = AT,
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From equation (4.51), we have

N .
A -4 =D —q "
dia da3 di2 da3

1 1
71 72 —T2 —T1
- - D ——\q q

7 ) d23( )

Am a2 B2 en ey
da3

. 1 .
Since =1+ , it follows that
T — T2 T — T2

™ d .,
A2 (A_l) dlj’(q—n —q 1)

do . dia

q q
d d diz, .,
A7- m( 13 - 13 >:—d (¢™—=q™)
1+ q—TQ 23

dis
TL _ g T2 d
AT-72 q q =S4 13( —T1 *Tz)
1 @qug d23
dis
If g7 — ¢ ™ # 0, then
AT s
dia ., ds
4+ =2
dis "

which is contradictory because the LHS is always positive. Thus ¢7™ — ¢~ ™ = 0.
Then ¢ ~™ = 1 which implies that ¢ = 1. By the definition of A, we have A =1
which implies that p™ = 1. Thus p = 1. Hence, p = ¢ = 1. It follows that
Ny = Ny = Ni. So, N = 3Ny = 3Ny = 3Nj. Consequently, (NJ, N5, N5) =
(%, %, %) Finally, it is easy to see that there is unique disease-free equilibrium
point such that the population number in each patch is positive because if there
is another equilibrium point (N7, N, NY) with N? > 0 for all + € {1,2,3}, then
NY = NJ = NY. We also have N = 3N{ = 3NJ = 3NJ. O

In summary, we have eight disease-free equilibrium points of the model
given by (4.27)-(4.35) as follows
P(0,0,0,0,0,0,0,0,0), P,(0,N,0,0,0,0,0,0,0), P3(0,0,N,0,0,0,0,0,0),

P4(N,0,0,0,0,0,0,0,0), P5(0,5,%,0,0,0,0,0,0), Ps(%,0,5,0,0,0,0,0,0),

799 920 ) 90
P:(%,%.,0,0,0,0,0,0,0) and Ps(%, 5, %,0,0,0,0,0,0).

Since we are not concern with the extinction of the patch due to the move-
ment of individuals during the initial phase of epidemic, we focus on the last
disease-free equilibrium point Fx.

Next, we consider the stability of the last disease-free equilibrium point Pk.
We begin by giving the following lemma which will be used in the proof of the
next theorem.
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Let M be a 3 x 3 matrix in the form

u—a—>o a b
M = a y—a—c c (4.52)
b c z—b—c

where u, y, z, a, b and ¢ are real with a > 0, b > 0 and ¢ > 0. The following
lemma shows that all eigenvalues of M have negative real parts when u, y and z
are negative.

Lemma 4.7. Consider a matriz M given by (4.52), if u < 0, y <0 and z < 0,
then all eigenvalues of M have negative real parts.

Proof. Assume that u < 0, y < 0 and z < 0. The characteristic equation with A
as an eigenvalue of a matrix M is det(M — AI') = 0. That is,

AP+ koA + ki + ko = 0
where ko, k1 and kg are defined as follows
ko =2a+2b+2c—u—y — z,
kFi=0b+c—u—ylat+(at+c—u—2b+(a+b—y—2)c
+(b—u)(c—y)+(a—u)c—z)+(a—y)(b—2) and
ko= (ab+bc+ ac)(—u—y — z) + (a + c)uz + (b + c)uy + (a + b)yz — uyz.
According to the Routh-Hurwitz criteria, all eigenvalues of M have negative

real parts if ko > 0, kg > 0 and kyky > ky. By the assumption, it implies directly
that ky > 0 and k¢ > 0. So, it remains to show that kqk; > ky. Since

(—u—y—2)k > (—u— y—z)((b—f—c—u—y)a—l—(a+c—u—z)b+(a—y)(b—z))
> (—u =y —2)(ab+bc+ ac+ yz)
= (ab+bc+ac)(—u—y—2)+ (~u—y—2)yz
> (ab+bc + ac)(—u—y— z) —uyz
and

(2a + 2b+ 20)k, > (2a + 2b+ 2c)((b— w)(e—y) + (@ —u)(c—2) + (a—y)(b— z))

(
> (a4 b+ c)(uy +uz + yz)
=(a+b+cuy+(a+b+c)uz+ (a+b+c)yz
> (b+ c)uy + (a + c)uz + (a + b)yz,
we have
koky = (2a+2b4+2c —u—y — 2)k;
=(2a+2b+2c)k1 + (—u—y — 2)ky
> (ab+bc+ac)(—u—y —z) —uyz + (b+ c)uy + (a + c)uz + (a + b)yz
=k

as required. O
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The following theorem shows the conditions for the local stability of the
positive disease-free equilibrium point.

Theorem 4.8. For the model given by (4.27)-(4.35), if o < 7 and Ry < 1 for
all i € {1,2,3}, then a disease-free equilibrium Py is locally asymptotically stable.

Proof. Assume that 7, < 7, and R’ < 1 for all i € {1,2,3}. Note that the
disease-free equilibrium Py is locally asymptotically stable if all eigenvalues of
the Jacobian matrix for system (4.27)-(4.35) at Ps have negative real parts. The
Jacobian matrix for system (4.27)-(4.35) denoted by G is derived in Appendix.
We now calculate the Jacobian matrix at the disease-free equilibrium Py as

A B C
G'=10 X O
oY ~Z

where A, B, C, X, Y and Z are 3 x 3 matrices given by

B ( T L 293) ( T x > 0 7
— ik = ——)k
dio  dis diz  di2
X 2z T T
a=| foyeEREy (2|
dos  dig dyo  das
< T T ) 0 ( T 291:)
—3/ Nl — — )k
L \dys  di3 diz  doz/
- 5+ x h x x x x 1
— — K —K — K —K B —
AT Tl RN MHEDS. dis
x g, x . x x x
—_S ~- — K +—F — K — —K
B = drg iy 2 dos i dyy ’ dy2 da3 ! )
x x x Byt x x
— K- —K —_ — — K — —K
s s s P ™ ™
o x N T x x x 1
— K+ —kK — K — —K —
PPa™ T ds™ d dis
o x N x N x x x
- — — K+ —k —K— —K
s R N P I
x x x N x x
— K — —K — — K — —K
| s P ™ " dy
- x x x x
Bl —pp—y— v -
PR ,  da ds dis
x 5 x x x
X = dy2 2o iy dia  dog da3
x x x x
- - By—p—y—
dis das ST T 0y T das
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v 0 0
Y=|0 v 0
0 0 v
and
., * - o i
dip  dis dy2 di3
p x x x x
- dyo a dip  da3 da3
T x o rw
! dis das M7 da
with JA—
T1+T2—
T = Wy <§) , (4.53)

K=To—T1, ki =To—T1+ 1, kg =275 — 21 + 1 and O is a 3 x 3 zero matrix.
Since G* is a diagonal block matrix, it is easy to see that the eigenvalues of G*
compose of the eigenvalues of A, the eigenvalues of X and the eigenvalues of Z.
First, we consider the eigenvalues of the matrix X and of the matrix Z.
Observe that both matrices X and Z have the same pattern as a matrix M given by
(4.52). By the assumption R’ < 1 for alli € {1,2,3}, it implies that 3;—pu—v < 0
for all i € {1,2,3}. Moreover, we know that —p is always negative. Thus by
Lemma 4.7, we have all eigenvalues of both matrices X and Z with negative real
parts. So, it remains to show that all eigenvalues of A have negative real parts.
The characteristic equation in variable A of a matrix A is

A XN+ a N+ a9 =0

where

3 )( 1 / 1 X 1 )
as=-3zx(n—n)| —+—+—1,
? 2V diy o dy

2 2 2 7 7 7
a; = 2%(1p — T 2(*4—4—1———!— + + ) and
! (2 =) dly  diy diy  digdys dizdas  diadas
1 1 1 1

ag = =323 (19 — T 3( + + +
’ (72 =) diydis  diydas  diadiy  digdas

1 1 3
+ - - .
diad3s  dy3dis d12d13d23)
According to the Routh-Hurwitz criteria, all eigenvalues of A have negative

real parts if as > 0, a9 > 0 and asa; > ag. By the first assumption 7 < 79, it
implies directly that a; > 0, ag > 0. It is easy to see that

( 1 n 1 . 1 )( 2 . 2 4 2 N 7 n 7 L 7 ) -

dip  dis  dys)\di, di3  diz  diadis  disdyz  diadas
( 1 . 1 n 1 . 1 N 1 . 1 n 3 )
diydiz  diydys  dipdis  dizdys  dipdsy  disdsy  diadizdas

which implies that asa; > ag. Hence, all eigenvalues of A have negative real parts
which completes the proof. O
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In order to derive the basic reproduction number for three patches model,
we use the next generation method given in section 2.2. For system (4.27)-(4.35),
all infected variables are I, Iy and I5. Then we have

[ 51511 ]
.F]l Nl
B2.5215
| =
I N,
e B35513
| N3
and
e wly + vl — maily — mai Iy + magly + mysh
Vi, | = | pdo + Iy — maody — msels + moy Iy + mosly

Vi, pls + yIs — mysly — mogly + mgils + mgals

Therefore, we have matrices F' and V' defined in section 2.2. at the disease-free
equilibrium (S}, S5, S5, I, I3, I, R}, RS, %) as follows

[ BuSiN; 2 I) ) 0 '
Ny

Sa(NF — 12

F— 0 52 2( 22 2) 0

N3
B3S5 (N3 — I3)
0 0 5
| Ny
and

V11 V12 V13
V= V21 Vg2 V23

U3l U32 Uss
where v;; are given as follows
1 1 1 1 1
v = p + o _7_2N*’7'2 N*Tl I* 2N>(<T2 N*T1 [* (N*T2N*T1
diz d dia

+ (7_1 . 1)N*T2N*T1 2[*) (N*TQ N*Tl 1 (7_1 - 1)N§<7'2 Nl*‘rlfQIf)

dis

Vg = (N*TZN*Tl 1 + (7_1 . 1)N2*T2N1*7'172]ik> + ﬂTngWilN;Tlil];
dl? di2

v = = (GNP (= DN L) 4 SN NG
dys di3

e =~ (NN (= NN ) 4 S N
12 12



32

U22—N+'7__7'2N*T2 1N*71 1]* 2N*7-2 1N*7-1 1_[*

d12
(= NN L) 4

N*TQN*Tl 1
12 d12 (

(N*TQN*Tl 1 (7_1 . 1)N§7'2 N;TI_QI;>

da3

Vgy = —— <N*T2 N*Tl 1 (7_1 - 1)N§<72N2*Tl—2[§> + ET2N;TQ—1N§<71—1[§

d23 23
Vi3 = —— (N*TZN*‘H 1 + (7_1 o 1)N1*T2N§<T1721§> + ﬂT2N§<7271N;<7171];<

d13 d13
Vg3 = —— (N*T2N*T1 1 + (7_1 . 1)N§<T2N§<T1—21§> + ﬂTzNng—lNQ*n—llg

d23 d23
Vg3 = [i 4 T d_T N*’7'2 1N*Tl 1[* N*TQ 1N*T1 1I* + d_ (N*TQN*Tl 1

13 13

23

+ (7_1 . 1)N*72N*Tl 2I*> + = d <N*72N*71 1 + (7_1 o 1)N572N§7172]§>'
23

At the disease-free equilibrium %, %, 4.0,0,0,0,0,0) we obtain
[ 0 /32 0 (4.54)
0 5
and
- o b x x -
WY 3, T T i
x 1 x x
V= T - R R T
x > x x
I dis dos M s T
where el
Vi w0<§) : (4.55)
Consider the determinant of the matrix V/,

1 1 1 1 1 1
etV = ()" 20049 (Gt g g )30 (Gt G o )
which is always positive. Thus, V' is nonsingular which the inverse is in the form

de [V Y %] (4.56)
where

_(u+7)2+(u+7)<i+i+i)x+( Ly b 1 )a* |
dig  diz  das diadiz  dizdaz  diadas
1 1 1N,
Vs = 93+ (s * s * )"
e e
di3 diadyz  dizdoz  diadas
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- (+)i+<1+1+1)x2
p dyo dyodiz  dizdas  diadas

Vi=| (n+7)°+(p+ )<i+i+i)x+( Ly b 1 >x2
4 at A dip  diz  dog dyodis  dysdas  dyadas

(+)i+< L b1 ):c2
i P s T \diadys  digdas | diadog

and

— (+)i+(1+1+1)x2
P s T \ddys  digdas | diadas

x 1 1 1N,
Vs = i <d12d13 T Gl d12d23>x

(h+7)?+ (n+ )<i+i+i)$+< I S >x2
TN, T s da disdys | disdys | diadsy)”

The detailed derivation for these is given in Appendix. Due to the complexity, it

is almost impossible to derive analytic expression of Ry for three patches model.
Instead, Ry can be obtained implicitly or numerically via the formula

Ro=p(FVT)

where matrices ' and V=1 is given by (4.54) and (4.56), respectively.

Since we cannot analyze R directly, it is reasonable to consider its bound-
ary and looking for the possibility for threshold under the variation of travel pa-
rameters. The following Theorem gives bounds on the basic reproduction number
of the model given by (4.27)-(4.35) in terms of the basic reproduction number in
which there is no travel between patches.

Theorem 4.9. For the model given by (4.27)-(4.35), we have

min Ry < Ry < max R

1<i<3 1<i<3
Proof. Without loss of generality, we assume that g, < [y < 5. It follows that
B < B2 < 3

pty T opty T opty
That is,

min Ry =Ry <R <Ry = max RY.
1<i<3 1<i<3

For convenience, we take Z = FV ™! and let V™! = [y;;]3x3 with y;; > 0
for all 4,7 € {1,2,3} where the metrics F' and V! defined by (4.54) and (4.56),
respectively. Then, we have

i Bi 0 0 Y11 Y12 Y13
Z=FV'=1]10 B 0 Yo1 Y22 Y23
0 0 B3 Y31 Y32 Y33

i ﬁlyn 51912 51?/13
= | Bayar Boyor Bayos
| B3ys1 Bays2  [3ys3
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We will first show that each column sum of Z = FV ! is bounded by the
basic reproduction number in which there is no travel between patches and then
apply Theorem B.2. Let [Z]; be the sum of entries in j-th column of Z. Then

[Z]; = Biy1j + Baya; + B3ya;
< Bsy1j + Bsyoj + Bays;
= Bs(y1; + Y25 + ys;)
for all j € {1,2,3}. By the form of V™! given by (4.56), it can be seen that each
S for all j € {1,2,3}.

column sum of V! is . That is, y1; + y2; + y3; =

oy
Therefore,
[Z]; < Ba(y; + 25 + y35)
_ B Ry = max R
o —+ N 1<:<3
for all j € {1,2,3}. Similarly, we have min R = R’ = b < [Z]; for all
1<i<3 o+
Jj €{1,2,3}. Consequently,
) , 0
min Ry <[Z]; < Iax Ry (4.57)
for all j € {1,2,3}. By Theorem B.2, we obtain
i < <1 '
WDilZ) < p(2) = Tmaxial;.
By equation (4.57), it implies that
N (%) < —1 < (4)
A Ry < p(FV ) < ylax Ry’ .
Hence, min R’ < Ry < max R’ which completes the proof. O
1<i<3 1<i<3

As a consequence from Theorem 4.9, we have directly two results
(a). if Ry < 1forallie€ {1,2,3}, then Ry < 1,
(b). if Ry > 1 for all i € {1,2,3}, then Ry > 1

which implies the global epidemic threshold will be dominated by the transmission
in each patch if they are all below or above the local threshold regardless of the
effect of travel although there are travels between patches. An interesting case
occurs when min Ry’ < 1 and maxR}’ > 1. That is, what happens when there
exist 4,7 € {1,2,3} and i # j such that R{’ < 1 and R§’ > 1.

The following theorem estimates the limit of the basic reproduction number
of the model given by (4.27)-(4.35) when there is a lot of travel. It would be found
that Ry approaches the average of the basic reproduction number in each isolated
patch.
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Theorem 4.10. For the model given by (4.27)-(4.35), if 1 + 72 — o0, then
Ry + Ry + RS

3 :
Proof. Assume that 7 + 75 tends to infinity. It implies that = defined by (4.55)
tends to infinity. By the definition of R in sense of the next generation method
and Theorem B.5, we have

lim Ry = lim Ry = lim p(FV 1)
T—r00

T1+T2—00 T—00

R0—>

= lim lim [[(FV")¥|5
T—00 k—00

lim ||(lim FV-1||%

k—oo  T—00

= p(lim FV7hH
T—r00

with matrices F' and V! given by (4.54) and (4.56), respectively. Since F does

not depend on z, we focus on lim V' By the form of V!, each element of V!
T—00

is a fraction with a maximum degree of x in both numerator and denominator are
equal to two. By L’ Hospital’s rule, we find

J 111
lim V'i=-——— 111
T—00 3(/J/ + ’)/) 11 1
Therefore,
r o5t Bi B T
3(pw+v) 3u+vy) 3(p+7)
. { B2 B B
lim FV~! =
s 3(u+7) 3(p+y) 3u+7)
Bs B3 B3
L 3(+7) 3ut) 3(p+7)

The characteristic equation in variable X for the matrix lim FV ! is
T—> 00

. _ B B2 B3 )
0 = det hmFVl—/\]:( + + — ) A2

Thus, all eigenvalues of lim FV ! are 3 + 3 + 3 0 and 0. Hence,
T—r 00

R(l) R(2> R(3)
lim Ry = p(lim FV 1) =2 T TR
T—00

T1+T2—00 3

as required. O

We remark that if we change the assumption of Theorem 4.9 to be 77 tends
to infinity or 75 tends to infinity, then we also have the same result.

In contrast to the condition of the previous theorem, when there is no
travel, the following theorem shows that the basic reproduction number of three
patches is a maximum of R{’, where R is the basic reproduction number of
patch 7 in isolation.
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Theorem 4.11. For an SIR epidemic model with three patches, if there is no

travel between patches, then Rg = max RY.

Proof. Assume that there is no travel between patches of an SIR epidemic model
with three patches. The dynamic of this model is given by the following system
of nine ordinary differential equations which is reduced from system (4.27)-(4.35),

ds; BiSil;
= pN; — puS; —
A N,
e S
a N, M
dR;
=1 — uR;
g = puR

with ¢ = 1,2, 3. First, we will find the disease-free equilibrium for this model. we
see that parameters of each patch dose not depend on parameters of other patch
and the dynamic of each patch is similarly to a basic SIR epidemic model given
in section 2.1. By Example 2.1, we have the disease-free equilibrium of patch ¢ is
(N;,0,0) where N; is the total population number of patch i and N; is constant.
Hence, the disease-free equilibrium (S, 59, 89, 19,19, 19, RY, RY, RY) of this model
is (N1, No, N3,0,0,0,0,0,0). To derive Ry for this model by the next generation
method, we let )V, be the next generation matrix to avoid a confusion with the
next generation matrix of the model given by (4.21)-(4.29). The infected variables
are I, I, and I3. By the concept of the next generation method, we have matrices
Fy and Vj at (N1, N, N3,0,0,0,0,0,0) as follows

B 00
=10 By 0
0. 0 B
and
Mty 0 0
Vo = 0 I 0
0 0 Wty
It is obvious to see that 1} is nonsingular. We obtain
S ;
—_— 0 0
Mty
1 1
Vo = 0 —_— 0
pty 1
0 0 —_—
L oty
Therefore, i i
A 0 0
gty
1 Do
V= 0 0
Hty 3
0 0 ’
L w+y
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So, it can be seen that all eigenvalues are fj for all i € {1,2,3}. Thus, the
Ty
basic reproduction number of this model is

Ro = p(FoVy) = max ——7 = max Ry’

as required. O

The next theorem estimates the limit of the basic reproduction number of
the model given by (4.27)-(4.35) with % tends to zero when 7y + 7, tends to zero.
It shows that the basic reproduction number of this model approaches a maximum
of R{’ which equal to the basic reproduction number in which there is no travel.

Theorem 4.12. For the model given by (4.27)-(4.35), if 1471 — 0 and 5 — 0,
then
Ro — max R’
1<i<3
Proof. Assume that 7+, tends to zero and 4 tends to zero. Recall the parameter
x defined by (4.55), we have

N\ 11+T12—1 3
lim z= lim lim (w0(3> , v >: lim ﬂ:O.

T1+12—0 20 _,0T14+712—0 %o _yp
wo N N
~ 0

That is, z tends to zero as 7, + 7, — 0 and 5 — 0. By the same argument in
the proof of Theorem 4.10, we have
lim Ry= lin(l) Ro= hH(l) p(FV‘l) = p(lim FVH = p(Flim V1)
T—r T—

T1+712—0 x—0 z—0

wo
N*)O

with matrices F' and V! given by (4.54) and (4.56), respectively. By the form of
matrix V!, we have

— i
0 0
(1 +7)
lim V! = 0 0
2—0 (1 +7) )
0 0
i (n+7) |
Therefore,
i B 0 0 ]
(n+7) g
lim FV ! = 0 2 0
20 (=+7)
0 0 B3
L (n+7) .
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Hence, by the same argument in previous theorem,

_ (@)
nllfrgnao Ro = p(hm FV = max R,

W—)O

which completes the proof. O]
R(l) R(2) R(3)
Define Ry(o0) = i ) .

there are two critical points in term of travel parameters for the disease spreads
in case that there is an epidemic patch with Ry(oc0) < 1.

The following theorem shows that

Theorem 4.13. For the model given by (4.27)-(4.35) with % tends to zero, if
Ry <1 and R > 1 for some i,j € {1,2,3} and i # j with Ro(o0) < 1, then
there exist 7', 7" € RT with 7/ > 7" such that

(i). Ro<1 form +m >1
(i)). Ro>1 form +m <7"
Proof. Assume that RS’ < 1 and Ry’ > 1 for some 4, € {1,2,3} and i # j with

R(l) R(Q) R(3)
Rolg) =~ e

First, we consider an SIR epidemic model with three patches in which there
is no travel between patches to derive Rg. By Theorem 4.10, we have

Ro = max R(Z
1<i<3
Therefore, if there is no travel between patches, then Ry > 1.
Next, we consider an SIR epidemic model with three patches in which there
’LU()

is a travel between patches with %2 tends to zero. If there is a travel between
patches but 7 + 7 tends to zero, then we have

Ro — max R“)

by Theorem 4.12. On the other hand, when 7 4+ 75 tends to infinity, we have
Ro — RO(OO) <1

by Theorem 4.10. Hence, there exist 7/,7” € R™ with 7/ > 7" such that Rg < 1
forall ; +m >7 and Ry >1forall m; +m < 7. O

Finally, we derive the endemic equilibrium point of three patches model.
Let (Sl, Sy, S5, I, Iy, I3, Ry, Ro, R3) with I; > 0 for some i € {1,2 3} be an endemic
equilibrium point of the model given by (4.27)-(4.35) and let N; = S; + I; + R;
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be the total population number of patch 7 at an endemic state. Then we have
(N1, No, N3) is an equilibrium point of the population model (2.10) with n = 3.
By Theorem 4.6, (%, %, %) is a unique positive equilibrium point of the model
(2.10) with n = 3. Thus

N N A A

Si=——ILi—R;

3

for all i € {1,2,3}. For deriving I, I, I, Ry, Ry and Rjs, we can solve from the

following system,

2ﬁ1§1f1 . . T . T . T . T -
—uly —~1 — I — - —1 ——1;=0 4.58
N Ha 71+d122+d133 121 131 ( )
262§2f2 . . T T - T T -
— uls —~1 —1 — I ——I——1, =0 4.59
N AT G T ae T d (4.59)
2B3§3f3 A A i N T . T - T .
— uls —~I1 —1 — 1 ——Is——13=0 4.60
N M T T T an T d (4.60)

. ; St T |a T - T -
L —pRi+—Ry+~—R3——R ——R, =0 4.61
i A Pkl R L oy

N o Tod L €T - r -~ T -
Iy — uR —R — Ry — — Ry — — Ry =0 4.62
T R N S A NG T 4 (4.62)

R ) T - T/ T A T -
Is — nRs+ —Ry+-—R ——R3s— —R3=0 4.63
G s T a0 0
with x is defined by (4.55). From (4.61)-(4.63), we have

(pdiadis + dygz + dlﬂ)él = d12d137f1 = d1333[132 + 412513']%3 (4.64)
(Md12d23 + d23$ + dlgl’)]%g = d12d23’}/f2 + d23$él + dlgl'RAg (465)
(pdyadas 4 dogst + dhsa) Ry = dysdagy Ty + dasw Ry + disz Ry (4.66)

First, we let D = dyo + dy3 + doz. From (4.64) and (4.65), we have

(pdiodys + Dﬂ?)Rl = (pdyodas + DI)RA2 + d12d137f1 — d12d237f2- (4.67)
From (4.65) and (4.66), we have

(pdiodag + D!E)Rz = (pdyzdas + DiU)RAs + d12d237f2 — d13d237f3- (4.68)
From (4.64) and (4.66), we have

(pdy3dag + D:E)Rg = (udiadys + Dx)]%l + d13d23’yf3 — d12d137f1. (4.69)

Now, we can obtain ]%1, }%2 and Rg in terms of fl, fg and fg by SubstiicutiAng some
equation above into (4.64), (4.65) and (4.66). Finally, we can derive I1, I and I3

by substituting S; = & — I; = R; and R; into equations (4.58)-(4.60) and solving
this system. Hence, we can derive the endemic equilibrium point for this model.



Chapter 5

Numerical Simulations

In this chapter, we perform the numerical simulations to verify the theo-
retical hypotheses given in the previous chapter. Throughout this chapter, we set
the demographic parameters and the recovery rate as follows. Setting the birth
rate and natural death rate to be as 1/25550 per day which corresponds to a life
expectancy of 70 years and the recovery rate is about 1/7 per day which corre-
sponds to an average duration of infectiousness of 7 days. Therefore, © = 0.000039
per day and v = 0.142857 per day. The travel parameters are treated as vary and
effective contact rates in each patch will be given for each assumption.

5.1 Simulations of a model for two patches

We first consider the numerical simulations for two patches model which
are satisfied with theory given in section 4.1. Throughout this section, the total
population constant is assumed to be equal to 100,000 and let d;5 = 10.

First, we will verify our theory by which the disease-free equilibrium is
locally asymptotically stable. In order to show that the equilibrium point is locally
asymptotically stable, initial conditions must be started sufficiently close to the
equilibrium point.

Simulation 5.1. Consider an SIR epidemic model of two patches with initial
conditions 51(0) = 49,980, S3(0) = 50,016 , [;(0) = [5(0) = 2, and Ry(0) =
Ry(0) = 0 and parameters are given by wy = 2.0x 1077, 3; = 0.13, 8, = 0.09, 7, =
1.5 and 75 = 0.8. So, R’ = 0.91 and R’ = 0.63. Therefore, R’ < 1 for all i =
1,2 and 7 < 7 which correspond to the conditions of Theorem 4.1. Thus, by the
theoretical prediction of Theorem 4.1, the disease-free equilibrium (%, %, 0,0,0,0)
is locally asymptotically stable. The numerical results of this simulation given by
Figure 5.1 show that the disease-free equilibrium is locally asymptotically stable
since the solutions tend to the disease-free equilibrium (%, %, 0,0,0,0) as time is
increased. Note that pictures in the right column of Figure 5.1 show the solutions
for long time. Hence, the theoretical prediction of Theorem 4.1 agree with the

numerical results.

Next, we will verify Theorem 4.3 by giving the the following simulation.

40
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Simulation 5.2. Consider an SIR epidemic model of two patches with initial
conditions S1(0) = 39,990, S3(0) = 60,006 , I;(0) = I5(0) = 2, and Ry(0) =
Ry(0) = 0 and parameters are given by wg = 1.67 x 1077, 8, = 0.13, 8, = 0.09,
7 = 1.5 and 75 = 0.8. So,

Ry =091 <1 and Ry =0.63 < 1.

By Theorem 4.3, we have Ry < 1. Moreover, the basic reproduction number can
be derived directly. By computing the basic reproduction number given in section
4.1, we have Ry = 0.78. Thus, by both the theoretical prediction of Theorem 4.3
and the derived basic reproduction number, we have Ry < 1. That is, the disease
cannot invade the population. The numerical results of this simulation is given by
Figure 5.2. In particular, Figure 5.2(b) shows that there is no outbreak in both
patches. Hence, both the theoretical prediction of Theorem 4.3 and the derived
basic reproduction number agree with the numerical results. Note that Figure
5.2(a) shows the susceptible population number of patch 2 drops from the initial
condition, it is not affected from infection but it is affected from the movement of
susceptible individuals between patches or the natural death.

The two following simulations are satisfied with the prediction of Theorem
4.4.

Simulation 5.3. Consider an SIR epidemic model of two patches with the same
initial conditions in Simulation 5.2 and parameters are given by wy = 1.67 x 1077,
ﬁl = 025, 52 = 020, TN~ 1.5 and To = 0.8. SO,

Ry’ =1.75>1 and R =1.40 > 1.

By Theorem 4.4, we have Ry > 1. Moreover, the basic reproduction number can
be derived directly. By computing the basic reproduction number given in section
4.1, we have Rg = 1.58. Thus, by both the theoretical prediction of Theorem 4.4
and the derived basic reproduction number, we have Ry > 1. That is, the disease
can invade a susceptible population. The numerical results of this simulation
is given by Figure 5.3. In particular, Figure 5.3(b) shows that there is a large
outbreak in both patches. Hence, both the theoretical prediction of Theorem
4.4 and the derived basic reproduction number agree with the numerical results.
Moreover, by the right column of Figure 5.3, we see that the solution tends to the
endemic equilibrium point.

Simulation 5.4. Consider an SIR epidemic model of two patches with the same
initial conditions in Simulation 5.2 and the same parameters in Simulation 5.3
but travel parameters are given by 7 = 0.7 and 75 = 0.3. Then the derived
basic reproduction number Ry = 1.75. The numerical results of this simulation is
given by Figure 5.4. By the same argument in Simulation 5.3, we have both the
theoretical prediction of Theorem 4.4 and the derived basic reproduction number
agree with the numerical results. The RHS of Figure 5.4 shows that the solution
tends to the point that the number of infectious individual is not equal to zero,
an endemic point.
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Simulation 5.3 and Simulation 5.4 have the same initial conditions and the
same parameters except 71 and 7. We focus on the numerical results for infectious
population number of Simulation 5.3 and Simulation 5.4 given by Figure 5.3(b)
and Figure 5.4(b), respectively. Then we see that an epidemic period and the
most outbreak of each patch in Simulation 5.3 is different from Simulation 5.4.
For example, the most outbreak in patch 2 of Simulation 5.3 occurs at about 110
day, while the most outbreak in patch 2 of Simulation 5.4 occurs at about 160 day.
Hence, the changes of travel parameters 7 and 7, affect the outbreak duration of
the disease.

The three following simulations are in agreement with the theoretical con-
jectures of Theorem 4.5.

Simulation 5.5. Consider an SIR epidemic model of two patches with the same
initial conditions in Simulation 5.2 and parameters are given by wy = 1.67 x 1077,
51 = 015, 62 = 010, T — 1.5 and Ty = 0.8. SO,

Ry =1.0497 > 1 and R = 0.6998 < 1.

Thus Ry’ + Ry = 1.7495 < 2. By Theorem 4.5, we have Ry < 1 if € < ¢*. By
computing, we obtain € = 0.63 and €* = 0.95. Therefore, Ry < 1 by Theorem
4.5. From the derived basic reproduction number given in section 4.1, we have
Ry = 0.8862. By both theoretical methods, we have Ry < 1 which means that the
disease cannot invade the population. The numerical results of this simulation is
given by Figure 5.5 show that there is no outbreak in both patches. Hence, both
theoretical methods agree with the numerical results.

Simulation 5.6. Consider an SIR epidemic model of two patches with the same
initial conditions in Simulation 5.2 and the same parameters in Simulation 5.5
but 771 = 1.0 and 75 = 0.5. Then R{’ + Ry < 2 but € = 0.9997 and ¢ =
0.9467. Therefore, € > ¢*. By Theorem 4.5, we have Ry > 1. From the derived
basic reproduction number given in section 4.1, we have Ry = 1.0494. By both
theoretical methods, we have Ry > 1 which means that the disease can invade a
susceptible population The numerical results of this simulation is given by Figure
5.6 show that there is an outbreak in patch 1. Hence, both theoretical methods
agree with the numerical results.
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Figure 5.1: Numerical results of an SIR model with two patches for Simulation 5.1



44

¥ 10
B5 T T T T T T T
Susceptible popualtion number in patch 1
———1Susceptible popualtion number in patch 2
BE E
i
i A
i; \
|12 o)
H 55 %
S ~
= h
: s R
2
D
=
& 45l B
@
3
@
4 A
35 . L . L L L L
0 50 100 180 200 250 300 350 400
Time
(a) Susceptible population.
2 T T T T T T T
Infectious popualtion number in patch 1
18§ — ——Infectious popualtion number in patch 2
i
161 4
]
T 1}
_E 1.4 N 4
= 1
c 12r1 q
2 1
o! 1
g M 7
= !
S 08r A 4
-t
gosp -
A
04r LS 4
¥
02t £ 4
et -~
0 L (il 11—
il 50 100 180 200 250 300 350 400
Time
(b) Infectious population.
12 T T T T

Recovered popualtion number

2 Recovered popualtion number in patch 1
———Recovered popualtion number in patch 2
0 L L L L L L L
a a0 100 180 200 250 300 350 400

Time

(¢) Recovered population.

Figure 5.2: Numerical results of an SIR model with two patches for Simulation 5.2



45

%10 x 10
6.4 T T T T T 65 T
Susceptible popualtion nurmber in patch 1
6 M ———Susceptible popualtion number in patch 2 6
q 551

P
o

Susceptible popualtion number
ES

45

L
Susceptible popualtion number
IS

T T
Susceptible popualtion number in patch 1
— — —Susceptible popualtion number in patch 2

38 1 35,
3 q 3
25 q 25
2 | 2
15 L L L L L 15 L
] 150 200 250 300 350 400 ] 2
Time
(a) Susceptible population.
a000 T T T T T 300 T
= Infectious popualtion number in patch 1
4500 - —— —Infectious popualtion number in patch 2
250
4000 - q

Infectious popualtion nurnber
N )
o = o = m
= = = =2 =
[=) = = o [=)

T

[}
=}
=}

=1
=]

L
Infectious popualtion number
o
=]

Infectious popualtion number in patch 1
———Infectious popualtion nurnber in patch 2

| J“!lu

B g 0 12 14 16 18

Time w10

Recovered popualtion number in patch 1

———Recoverad popualtion number in patch 2

1000 -
500 -
o s i}
0 150 200 250 300 350 400 1}
Time
(b) Infectious population.
%10 %10
35 T T T T T 375 T
3t - ] 3
225} . Eas
E E:
2 2
c c
S 2l 1 S 2
= =
3 3
=4 2
2 2
= 1.5+ 4 Sl 1
z o
@ @
& &
o o
& Ar 1 g
0ar Recovered popualtion number in patch 1 |7 05
——=Recovered popualtion number in patch 2
0 L L L L L 0 L
] 150 200 250 300 350 400 il 2
Time

(¢) Recovered population.

Figure 5.3: Numerical results of an SIR model with two patches for Simulation 5.3
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Figure 5.4: Numerical results of an SIR model with two patches for Simulation 5.4
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Figure 5.5: Numerical results of an SIR model with two patches for Simulation 5.5
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Figure 5.6: Numerical results of an SIR model with two patches for Simulation 5.6
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5.2 Simulations of a model for three patches

In this section, we consider the numerical simulations for three patches
model which are satisfied with theory given in section 4.2. Throughout this section,
the total population constant is assumed to be equal to 150,000 and the distances
between patches are set as follows; D5 = 100, D13 = 200 and Dy3 = 300 with
0=1.

The first simulation shows that the positive disease-free equilibrium is lo-
cally asymptotically stable which corresponds to the prediction of Theorem 4.6.
We remark again that, for showing the equilibrium point is locally asymptotically
stable, initial conditions must start near the equilibrium point.

Simulation 5.7. Consider an SIR epidemic model of two patches with initial
conditions S1(0) = 50,008, S5(0) = 49,988 , S5(0) = 49,998, I,(0) = I,(0) =
I3(0) = 2, and Ry(0) = Ry(0) = R5(0) = 0 and parameters are given by wy =
2.0x 1077, 31 = 0.12, B, = 0.08, 83 = 0.06, 7y = 1.5 and 7 = 1.1. So,

Ry =084, RY =0.60 and Ry = 0.42

Therefore, R’ < 1 for all i = 1,2,3 and 7 < 7, which correspond to the con-
ditions of Theorem 4.8. Thus, by Theorem 4.8, we have the positive disease-free
equilibrium is locally asymptotically stable. The numerical results of this simula-
tion given by Figure 5.7 shows that the solution tends to the positive disease-free
equilibrium (%, %, %, 0,0,0,0,0,0) as time is increased. Note that pictures in the
right column of Figure 5.7 show the solution for long time. Hence, the theoretical
prediction of Theorem 4.6 agrees with the numerical results.

The two following simulations are in agreement with the theoretical con-
jectures of Theorem 4.9.

Simulation 5.8. Consider an SIR epidemic model of two patches with initial
conditions S7(0) = 30,008, S5(0) = 49,988 ;, S5(0) = 69,998, I1(0) = I,(0) =
I3(0) = 2, and R;(0) = Ry(0) = R3(0) = 0 and parameters are given by wy =
143 x 1077, B; = 0.13, By = 0.11, B3 =0.09, 7, = 1.5 and 7 = 1.1. So,

Ry =091, RY =0.77 and R} = 0.63

Therefore, Ry’ < 1 for all i = 1,2,3. Applying Theorem 4.9, we have Ry < 1.
From the basic reproduction number is derived in section 4.2, we obtain Ry = 0.80.
Thus, by both the theoretical conjectures of Theorem 4.9 and the derived basic
reproduction number, we have Ry < 1. That is, the disease cannot invade a
population by theory. The numerical results of this simulation given by Figure
5.8. In particular, Figure 5.8(b) shows that there is no outbreak in all patch.
Hence, both the theoretical conjectures of Theorem 4.9 and the derived basic
reproduction number agree with the numerical results. Note that Figure 5.8(a)
shows the susceptible population number in each patch increases or decreases from
the initial conditions, it is not affected from infection but it is affected from the
movement of susceptible individuals between patches or the natural death.
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Simulation 5.9. Consider an SIR epidemic model of two patches with the same
initial conditions in Simulation 5.8 and parameters are given by wy = 1.43 x 1077,
Bl = 015, 52 = 017, ﬁg = 0197 ™ = 1.5 and Ty = 1.1. SO7

Ry =105, RY =1.19 and R} =1.33

Therefore, Ry > 1 for all i = 1,2,3. Applying Theorem 4.9, we have Ry > 1.
From the basic reproduction number is derived in section 4.2, we obtain Ry =
1.21. Thus, by both the theoretical conjectures of Theorem 4.9 and the derived
basic reproduction number, we have Ry > 1. That is, the disease can invade a
susceptible population by theory. The numerical results of this simulation given
by Figure 5.9 show that there is a large outbreak in all patch. Hence, both
the theoretical conjectures of Theorem 4.9 and the derived basic reproduction
number agree with the numerical results. We remark that the solution tends to
the epidemic equilibrium point.

Simulation 5.10. Consider an SIR epidemic model of two patches with the same
initial conditions in Simulation 5.8 and the same parameters in Simulation 5.9
but 7, = 0.8. Then the derived basic reproduction number Ry = 1.17. The
numerical results of this simulation given by Figure 5.10. By the same argument
in Simulation 5.9, we have both the theoretical prediction of Theorem 4.9 and the
derived basic reproduction number agree with the numerical results.

Next, we compare the results of the two simulations above. Note that this
comparison is similar to the comparison of two patches simulations

Simulation 5.9 and Simulation 5.10 have the same initial conditions and
the same parameters except 7. We focus on the numerical results for infectious
population number of Simulation 5.9 and Simulation 5.10 given by Figure 5.9(b)
and Figure 5.10(b), respectively. Then we see that an epidemic period and the
most outbreak of each patch in Simulation 5.9 is different from Simulation 5.10.
For example, the most outbreak in patch 3 of Simulation 5.9 occurs at about 250
day, while the most outbreak in patch 3 of Simulation 5.10 occurs at about 180
day. Hence, the changes of travel parameter 7, affect the outbreak duration of the
disease.
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The following figure shows the behavior of the basic reproduction number
with respect to 71 + 7 for an SIR epidemic model of three patches with wy =
1.43 x 1077, B; = 0.08, f; = 0.11 and B; = 0.17. So, the basic reproduction
numbers of each patch in isolation are as follows,

Ry =0.5598 < 1, Ry =0.7698 < 1 and Ry = 1.1897 > 1
Therefore,
R(oo) Ry + R?Ef) + Ry’
which corresponds to the conditions of Theorem 4.13. Thus, by the conjectures of
Theorem 4.13, there are 7" and 7”7 such that

(i). Ro<1lform +m > 1

=0.8398 < 1

(). Ro>1form +m <7

Next, we look the graph of the basic reproduction number with respect to 71 + 7
given by Figure 5.11. We see that

(i). Ro <1 form +m > 2171
(11) Ro>1 for 11 + 71 < 2.171.

Therefore, the conjectures of Theorem 4.13 agree with the numerical results where
T =7"=21T71L
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Figure 5.11: The basic reproduction number with respect to 71 + 75 for an SIR epidemic
model of three patches with parameter values are given in the text.

Moreover, we see that Ry — 1.1897 = max;<;<3 R(()i) as 1 + 7 — 0 and
Ro — 0.8398 = R(o0) as 71 + 75 — oo which correspond to the conjecture of
Theorem 4.12 and Theorem 4.10, respectively.



Chapter 6

Conclusion

For both two patches and three patches model, we derived the disease-free
equilibrium point and showed that the positive disease-free equilibrium point is
unique. The population number in each patch at a disease state is in balance by
gravity movement. Moreover, the extinction of a population has occurred in some
patch when 7 > 7. On the other hand, when 7 < 7, there exist individuals in
all patch. We can give an illustration as follows. By stability analysis, we have

T2

/ co-existence

B!

Figure 6.1: The area for the extinction and co-existence of a population.

shown that the positive disease-free equilibrium point is locally asymptotically
stable if the basic reproduction numbers of each patch in isolation are less than
one and 7, < 71 which are the sufficient conditions but not necessary conditions.
The basic reproduction number of both models are derived by the next generation
method. The basic reproduction number of two patches model can be obtained
explicitly while the basic reproduction number of three patches model can be
obtained implicitly or numerically due to the complexity.

In two-patch model, we established Lemma 4.2 to obtain the conditions for
which the spectral radius of a next generation matrix is less than one. We applied
this lemma to Theorem 4.3, Theorem 4.4 and Theorem 4.5. From Theorem 4.3
and Theorem 4.4, if the basic reproduction number of all patches in isolation
are less than one, then Ry < 1. On the other hand, if the basic reproduction

56
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number of all patches in isolation are greater than one, then Ry > 1. It implies
that the global epidemic threshold have dominated by the transmission in each
patch if they are all below or above the local threshold regardless of the effect of
travel although there are travels between patches, that is, the disease spread is
independent on travel parameters 7, and 75. An interesting case occurs when the
model that have an epidemic patch and a nonepidemic patch under which there is
no travel between patches. This case is shown by Theorem 4.5 under the condition
Ry + R < 2. This theorem gives a threshold of the disease spread depending
on the parameter ¢ which is the term of travel parameters 74 and 7. Thus, the
disease spread depends on travel parameters 7, and 75 in an interesting case. Note
that for an interesting case under the condition R’ + R{’ > 2, we have shown
that Rg > 1 by remark after Theorem 4.5. We give an illustration of the area for
which Ry < 1 or Ry > 1 by applying our theorems as follows.

(2)
Ry

Decide by
a threshold =
of Theorem 4.5

3]

\‘\\\\\\\\ i
M§ Decide by N\, Theorem 4.5

a threshold
N

of Theorem 4.5
0 1

Figure 6.2: The area for which Rg < 1 or Ry > 1 by the conjectures of Theorem 4.3,
Theorem 4.4 and Theorem 4.5.

In three-patch model, we established theorem showing that for a popula-
tion model, there exists a unique positive equilibrium point which is independent
from distance. It implies that there exists a unique positive disease-free equilib-
rium. According to Theorem 4.9, we obtained the bound of the basic reproduction
number, the upper bound of Ry is the maximum of the basic reproduction num-
bers of each patch in isolation and the lower bound of R is the minimum of the
basic reproduction numbers of each patch in isolation. It implies that if the basic
reproduction number of all patches in isolation are less than one, then Ry < 1.
On the other hand, if the basic reproduction number of all patches in isolation are
greater than one, then Ry > 1. It is similar to two-patch model that the global
epidemic threshold have dominated by the transmission in each patch if they are
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all below or above the local threshold regardless of the effect of travel although
there are travels between patches. We considered the model with the several con-
ditions such as 7, + 7» tends to infinity, there is no travel between patches and
71 + T2 tends to zero with 52 tends to zero given by Theorem 4.10, Theorem 4.11
and Theorem 4.12, respectively. By the result of Theorem 4.10, Theorem 4.11 and
Theorem 4.12, we established Theorem 4.13 showing the existence for a threshold
given by 7 + 7 under R(oco) < 1 in an interesting case that have an epidemic
patch and a nonepidemic patch under which there is no travel between patches.
That is, travel parameters 7 and 7 affect the global epidemic threshold in an
interesting case. We give an illustration of the area for which Ry < 1 or Ry > 1
by the conjectures of Theorem 4.13 as follows.

:7_1

Figure 6.3: The area for which Ry < 1 or Ry > 1 by the conjectures of Theorem 4.13.

According to a simulation given by Figure 5.11, we see that 7" = 7”. Thus
two critical points in Theorem 4.13 may be equal. Therefore, if 7 = 7, then it is
nothing to analyze. On the other hand, if 7" 2 7", then we have a gap between 7/
and 7" that does not find out how the global epidemic threshold occurs.

Observe that, in both models, if the basic reproduction numbers of each
patch in isolation are less than one, then the disease-free equilibrium point is locally
asymptotically stable and Ry < 1 which are compatible that an epidemic dies out.
The numerical simulations shown are in agreement with theory. In particular, by
comparing of the numerical results, we see that the changes of travel parameters
71 and 75 affect the outbreak duration of the disease.

In the special case for three patches model in which all distance between
patches tends to infinity or 6 tends to infinity, population travels tends to zero.
Then the basic reproduction number for this case tends to the basic reproduction
number in case there is no travel between patches which is shown by Theorem
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4.11. That is, the basic reproduction number of this special case tends to the
maximum of the basic reproduction numbers of each patch in isolation.

Finally, the future work arising from these studies is fitting the data of
the real incidence of disease to the model of two patches and three patches for
indicating the disease spread. The extension from this research is analyzing the
model with n > 3, focusing on the change of distance between patches to the
disease spread or formulating the model with a gravity law in which the total
population is not constant. It remains how the global epidemic threshold occurs
when R(oc0) > 1 in Theorem 4.13.
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Appendix A

Details of the Proof

In this appendix, we will give the details for deriving the Jacobian matrix
of both two patches and three patches. The detail for finding the inverse matrix
of V for three patches will be given.

A.1 Jacobian matrix for an epidemic model of
two patches

In order to find the Jacobian matrix for the model given by (4.1)-(4.6), we
first replace some variables in equations (4.1) and (4.2) as follows.

(i). Replace a variable Sy(t) with N — Nj(t) — I5(t) — R2(t) in equation (4.1).
(4.1).
(iii). Replace a variable Sy(t) with N — Ny(t) — I1(t) — Ry(¢) in equation (4.2).

(ii). Replace a variable Ny(t) with N — N(t) in equation

(iv). Replace a variable Ny(t) with N — No(%) in equation (4.2).

Note that N is the total population constant with N = Ny (¢) + Na(¢). Then the
Jacobian matrix for (4.1)-(4.6) at a point (S5, 55, [T, I;, R}, R}) is given by

J = [ Qij }6><6

where the entries a,; are given as follows

NI I — BuST I B
Lty +;U_O[N{”2(N—Nf)“ (1)
1 12

(N = Np = I3 = Ry) (N7 (m = DN = N)™2(=1)

A = p — p—

S e | B (L

12
+ STV = N (1 = N 4 N7 (N - N;‘V?-l(—l))]

CL21:O
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asg; = (Nlﬂl[l _5151]1> i d N*’7'2 1N*7'1 11* o d_(Tl . 1>N*7'2N*7'1 21*
12

Nik2 12
41 = ;U_IZ(ﬁ - 1).]\[2*72.7\[1*71_211K — d_l[;T?NfD_lN;Tl_II;
as, = _7- N*T2 1N*T1 1R* (7_1 o 1)N*72N*71 ZR*
dio d12
agr = o (7-1 _ 1)N*7'2N*7'1 QR* _ 70 2N*72 1N*Tl 1R2
di2 d12
19 = 0

(NSBQIQ‘ — (25515
Ny?

+(N=N; - =) (N;% — DV =Ny A1)

w *T: *\T1—
Q2 = b — b — )—I—d—;;{NQ 2(N = N3) 1(—1)

+ (N . N;)T11T2N5T2_1>:| . d_ |:(N N*)TQN*Tl 1

12

+5 ((N — N3 (i = NG 2 Ny T (N — N;)vl(_n)]

Wo *T2 NTHTL—2 T Wo *mo—1 ArsTi—1 7%
a3 = d—(ﬁ — O)NNT L = — 1 No 2 Ny

12 d12
Né)(ﬂQI;_ﬁQS;I;) To—1 T1—1 T T1—2
= ToNG2T N7 I — — 1)N{NST L
42 ( N @\ d12 d12( 1 — NN, 2
a5y = wo (7'1 — 1)N*T2N*Tl 2R2 o TQN;TQ-leTl;lRT
d12 d12
gy = d_TzN*TQ IN*T1 IR* 7 ( il — 1)N1*7'2N2*71—2R;
12 12
NiB1ST = ST * T *\T1—
a13:N_( L E\/-»&l 11)+d—12{N12(N_N1)11(_1)
1

+(N =Ny =[5 = R) (Nlm (= 1)(N =N (=1) 4 (N — N;)Tl—lﬁzvffz—l)}
d [(N N2 (= DNTT280 + Ny ST (N — Ny (- 1)}
12
Q23 =

N*T?(N N H(=1)
d12

N*ﬁ S*_BS*]* *To— *71—1 %
a33:< 1 ;V*Ql 11)_//(/_ d127—2N 1N 1[

(N*TQN*Tl 1 (7_1 . 1)N2*72N1*71—2[ik)

d12

Qg3 = d (N*T2N*Tl 1 + (7_1 . 1)N§<7'2Nik7172]ik> . ;U_OTQNngle;ﬁfl]S
12 12

ass =y + d_m 2N*Tz 1N*T1 1R2 i (7_1 _ 1)N*7‘2N*7‘1 QR*

Wo *TD *T1—2 % Wo *xTo—1 *T1—1 px*
(g3 = d_(Tl — 1)N;™ N, Ry — do T2 Ny Nj R;
12 12
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i = SUNTE(N NP
d12

N B2S5 — BaS5 13
a24:ﬂ_( 262 2]\[*252 PED)
2

> |:N*7'2(N N*)’TI 1( 1)
d12
+(N =Ny = I} = Ry) (sz(ﬁ — (N = N3)™ (1) + (N - N;)TI_ITQN;”*)}

d12 [(N N*)TQ(TI _ ].)N*Tl 2S*+N*T1 IS*TQ(N N*)TQ 1( 1)i|

a34 = (N*7'2N*’7'1 1 (7_]_ - 1)NTT2N2*7'1—2]';> o @T2N2*T2—1Ni¢<7—1_1[ik
o dus
N3 3255 — 525515) 1 1
= - AN N*TQ N*Tl I*
Qg4 ( N*Z H d127'2
T e (NN 4 (- 1>N£”2N5‘”*215>
12
(154 = E(Tl - 1)Nik7_2N2*7'1—2R; 2N*T2 lN*Tl IR*
dio d12
a64_7+_72N*T2 1N*T1 1R* ~| _<Tl _1)N*72N*T1 QR*
b2 s
S*IF w \
e =t ﬁlzvi21 i [N*”(N NP (=D
1 12
(N = Np = I =R (N G — (N = N)™ (1) + (N - Nf)Tl‘lanal)]
Zf O [(N N (= NGRS + Nl*“‘lsfrz(zv_Nf)”‘l(—lﬂ
12
A95 = d_N*Tz (N N*)T1 1( 1)
BLSTIT - wy - p T, 2
= — 4+ —= N Iapmi=tpe -1 N*TQN*T]_ I*
ass N;? dio 7y 2 2y YN Y
w To ATHT1—2 T w -, o1
s = d_o(Tl — DN;™ N, 2Il . d_OTQNl 1N2 112
12 -

—_ v N*T2 lN*Tl IR
a55 = M+ d12 T2 5 i

a5 = d12 (J\F'FTQ]VM1 Y — 1)N2*72N1*71*2R1‘> _

(N*TQN*Tl 1 (7_1 . 1)N2*72N;<T1—2R>{>

Wo *To—1 ArxT1—1 %
_d TQNI N2 R2
12

a1 = T N{(N = Nf)" 7 (1)
d12
,825;] wo

Qog = b+ ——5—
26 NQ*Q d12

NV N )
£V = N3~ I = R (N7 (n — DV = NP 2(1) + (N N;)Tl—lﬁzv;ﬁ—l)}

- (N = N3)™ (= NG 7285 + N3 S5 (N — Ng)™ (1))
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Wo * T2 *T1—2 7% Wo xTo—1 *7T1—1 7%

12 12
ﬂQS;I; Wo 1 1 9
- - £ Z N*7'2 N*Tl I* — 1N N2 *
@46 N2 d12 d12( 1 — NN, 2
asg = <N*T2N*7'1 1 + (7_1 . 1)N;<TQN;7'1—2R;> o %TQN;TZ—INle—lRI
d1z di2
ags = —p+ 2 Ny LN IR — (N*TQN*“ " (- 1)Nf72N2"‘71_2R§>
d12 d12

with N =S + I+ R; for all « =1, 2.

A.2 Jacobian matrix for an epidemic model of
three patches
In order to find the Jacobian matrix for the model given by (4.27)-(4.35),
we first replace some variables in equations (4.27), (4.28) and (4.29) as follows.
(). Replace a variable S3(t) with N — Ny(t) — No(t) — I3(t) — R3(t) in Eq.(4.27).

i). Replace a variable N5(t) with NV — Ny (£) — Ny(t) in Eq.(4.21).

(1) = Ra(t) in Eq.(4.28).

Ny

ii). Replace a variable Sy (¢) with N — Ny(t) — N3(t) —

Replace a variable Ni(t) with N — Ny(t) — N3(t) in Eq.(4.22).
)—
N (

. Replace a variable Sy(t) with N — N;(t) — N3(t) — I5(t) — Ra(t) in Eq.(4.29).

(vi). Replace a variable No(t) with N — Ni(t) — N3(t) in Eq.(4.23).

Note that NV is the total population constant with N = Ny (¢)+ No(t)+ N3(t). Then
the Jacobian matrix for (4.27)-(4.35) at a point (S7. S5, 5%, I7, I3, I3, R}, Ry, RY)
is given by

G = [ bij ]9><9
where the entries b;; are given as follows
NiB I7 — B1STIT
bu=p—p— < i 1N*2/31 : 1)
+ d_TQN*Tz 1N>k7'1 1S* d |:N*7'2 (N N* N;)Tl—l(_l)
12 13

HN—M—M>@—@KWWn—MN—M—w%*en
+ (N - Ny — N;)“‘%QN;‘T“)} - (N*TQN*TI Y (- 1)N2*72N1*71*25;>

o |V = N = NN S (N N = V) (- DN

F NPV = N - )

b21:0
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631 _ (N*TQN*Tl 1 (7_1 . 1)N*72N*7'1 QS*) + _N*T2 |:(N N* N;)Tlfl(_l)
dlg d23

+w>NKJW—F—RMn—mw—m—Nw?%4ﬂ

d13 N*T2 1N*7'1 15; o d_237_2(N N* N;)Tz—l(_l)Nngflsg
NiyB I — B STIT
b41 _ ( 61 1]\[*2ﬁ1 1 1) + d_Tle*TQ—lNQ*ﬁ—ljék + ;U_0T2Nf72—1N§<71—1[§
12 13
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d12 d13
b51 — %(7'1 _ 1)N2*72Nf71_21f N*TQ lN*n II*
d12 d12
bor = -0 (7, — )NZN; T2 — D0 N N
d13 dis
b71 — N*’Tz 1N*7'1 1R2 + —TQN*Tz 1N*7'1 1R3
d12 d13
Wo (7_1 . 1)N*7'2N*7'1 2R* Wo (7_1 - 1)N*7'2N*T1 2R*
du 13
by = — (11 — 1) N3 Ny 2Ry = L2 TNV Ry
dia di2
bor = = (7 — 1)N; > N{™ 2Ry — —2ry N2 ING 1Ry
d13 d13
bra = (N*T?N*“ e 1)N{T2N;TI—QS;) = d—N*T2 [(N CNF - NPT (=)
12 13
+ (N — N} =(N; =T = Bn - DE=BY 505" (-1)
d Ty Ny R NGl d—72(N Ni — Ny H=1)N; sy
12 13
bog = i — 1 — < 202 QN*zﬁQ )
+ N*T2 1N>k7'1 IS* N*’TQ (N N* Ng)‘rlfl(_l)
d23 d12
+ (N = Nj = Ny — I} = R}) (N;”(n — 1)(N = N = Ni)™ (1)
+(N =N} — Ng)n_ngNgm_l)] ; (N*TQN*TI Y (- 1)N§‘72N2*”_2S§>
23
o |V = N = NN S (N NG = N9 (- NG
# NN - 8 - Np)-D)
b32 - 0

bia = (1 = ININT 2L = NN

12 12



68
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d12 d23
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23 23
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d12 d23
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d12 23
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23 23
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T2 NTHT1— 1 ®TY NTHT1—2 Qs WO 141y * #\71—1
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— o - ONTENGT R — 2 = NN R
d13 d23
b73 _ ;U_O<7_l . 1)N;<TQN§T1—2R§ d N*Tg lN*n IR*
13 13

w T2 *T1— * *TQ— *T1— *k
bss = — (71 — 1) N3 N; 2 RE — —T2N3 NGRS
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12 13

(N = Nf = N; = I = Ry) (N{™(ry = 1)(V = N} = N3)™ (1)

Wo
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d12
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d12 d12
b94 _ Wo (7_1 o 1)N*7'2 N*Tl QR* Wo 7_2N1>)<7271N§<T171R§
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with N =S+ I + R} for all i = 1,2, 3.

(N*TQN*Tl 1 + (7_1 _ 1)N§<T2N§<T172R§)

A.3 Matrix inverse of V' for three patches

Recall the matrix V' given in section 4.2,

[y . . |
YT 5 T 5 - -5
d12 d13 dm di3

V * + v+ + ° *
= - BTyt 5+ 5 -
dyis d12 da3 das3
x x s x N x
L di3 das3 diz  daz |
. N T1+72—1 . . . . .
with z = wo ( 5 . Consider the determinant of the matrix V' and its inverse

as follows.
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Appendix B

Theoretical Background

In this appendix, we collect some theoretical background which is used in
this research.

B.1 Spectral radius and matrix norm

Let A be a square matrix. The characteristic equation in variable A of A
is defined by det(A — AI) = 0 where [ is the identity matrix. The solutions A of
the characteristic equation are called eigenvalues.

Definition B.1. Let A be a square matrix with its eigenvalues A1, ..., \,. Then
the spectral radius of A denoted by p(A) is defined as p(A) = max |\l

..... n

Theorem B.2. (see [34], p.24) If A is a square matriz and A = [aij]nxn with
a;; >0 foralli,j € {1, ... ,n}, then

min s; < p(A) < max s;
1<i<n 1<i<n

where s; denotes the sum of entries of i-th column of A.

Definition B.3. A function || - || : R™*" — R is called a matriz norm on R™*™ if

(). [JA|l > 0 for all matrices A € R™*"™ and ||A]| = 0 if and only if A =0
(ii). [[aA] = || ||A|| for all & € R and for all matrices A € R™*"

(iii). ||A+ B < ||A|| + ||B]| for all matrices A and B in R™*™.
Theorem B.4. (see [35], p.114)Let || - || be a matriz norm. Then
p(A) = Jim [ A¥]%
k—o0
for every a square matriz A.

Theorem B.5. (see [36], p.11) Every matriz norm is a continuous function of all
elements of a matriz.
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B.2 Stability and Routh-Hurwitz criterion

Consider the autonomous system

dl’z‘
dt

= filx1,...,x,), i=1,...n (B.1)

where x; € R™ and f; is a continuous function for all 7.

Definition B.6. A point z* € R" is called an equilibrium point of the autonomous
system (B.1) if fi(z*) =0 for alli=1,...,n.

Definition B.7. Let x* € R" be an equilibrium point of the autonomous system
(B.1). Then z* is said to be

(i). stable if for each number € > 0, there exists a number § = §(¢) > 0 such that
if ¢(t) is any solution of (B.1) having ||¢(tg) — =*|| < §, then solution ¢(t)
exists for all t > ¢y and ||¢(t) — x| < € for all t > ¢

(ii). locally asymptotically stable if it is stable and for every ¢y > 0, there exists
a dg > 0 such that tlim ¢(t) = x* whenever ||¢(tg) — z*|| < do where ¢(t) is
—00

the solution of (B.1).
(iii). wunstable if it is not stable.

where ||y|| denotes the Euclidean norm of a vector y.
Definition B.8. Let

£

where X = (x1,...,2,) € R™ and F; is continuous function for all i. The Jacobian
matriz of F at X is defined as

0F; 0F;
J = : DR
O0F, 0F,
or, Oz, | x—x,

where Xy = (29,...,2%) € R™.

Theorem B.9. (sce [37], p.474) Let * € R™ be the equilibrium point of (B.1) and
J* be the Jacobian matriz of (B.1) at x*. Then the equilibrium point x* is locally
asymptotically stable if all eigenvalues of J* have negative real parts and unstable
if at least one eigenvalue of J* has positive real part.
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Theorem B.10. Routh-Hurwitz Criterion (see [38], p.150) Given the polyno-
maal
PO =X"+a\" '+ an )+ a,

where the coefficients a; are real constants for allv =1, ...,n. Define the n Hurwitz
matrices using the coefficients a; of the characteristic polynomial:

a 1 aq 1 0
H1=[a1],H2:[ ' ]7[{3: as az a
as a9
as a4 as
and _ -
aq 1 0 0 0
as Qag aq 1 0
Hn: as aq a3 asg ... 0
00 0 0 ... ay

where a; = 0 if j > n. All of the roots of the polynomial P(\) are negatives or
have negative real parts if and only if the determinant of all Hurwitz matrices are
positive: det(H;) > 0 for alli =1,2,...,n.

Routh-Hurwitz Criterion for n = 3: All the roots of P(\) are negatives
or have negative real parts if a; > 0, a3 > 0 and ajas > as.
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